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Abstract

For a Boolean algebra one may consider the set of subsets of size k
to be the basis for a permutation module over a field which has prime
characteristic p. By considering an inclusion map one can obtain
sequences of maps on these modules. It turns out that these maps
and sequences have certain homological properties. This theory goes
back to the topologist W.Mayer in the 1940’s.

One can extend this idea to projective space by taking the set of
k-dimensional subspaces over a field of size ¢ to be the basis for such
permutation modules where ¢ is a prime power not dividing p. It turns
out that such sequences are also homological in a certain way.

The homology modules in this case are modules over the finite
general linear groups GL(n, q). We prove a decomposition formula for
these homology modules in terms of GL(n — 1, ¢)-modules. Such a
decomposition formula is known for the case of the Boolean algebra
from S.Bell, P.Jones, and J.Siemons (J. Algebra 199, 1996, 556-580)
and matches the result we prove here when we put ¢ = 1.

We prove some interesting results as direct consequences of this
decomposition formula. These include showing that the homological
sequence discussed above is almost exact, proving a rank formula for
certain incidence matrices and giving a condition which ensures that
the homology module is irreducible. We also look at representations
associated to these homology modules and give an explicit description

for an irreducible representation of PGL(2,q).
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1 Introduction

We begin by giving some general background to the questions we will be
addressing in this thesis. Our starting point is to consider modular homology
in terms of the Boolean algebra and this leads naturally to consider the same

issues in terms of projective space.

1.1 Modular Homology in the Boolean Algebra

Modular homology appears to first be mentioned in two papers [2] by Mayer
in 1942. More recently this theory has been the subject of papers such
as those by Kapranov [10] and Dubois-Violette [6]. In [14, 17] Mnukhin,
Siemons, Bell and Jones considered the idea of modular homology in the
Boolean algebra. This concept can be briefly described in the following way.
For a finite set ) of size n, we consider the subsets of {2. The lattice of these
subsets is the Boolean algebra. We let R be a ring of prime characteristic p.
Now if we take a fixed integer 0 < k < n then we may consider the set of
k-element subsets to be the basis elements for an R-module M}

The inclusion map O is the linear map which maps a k-element subset A
to the sum of all the (k — 1)-element subsets of A. This leads to a chain of

inclusion maps

7]

M0 My 0

0
n
Ml

0 0
LY/ V) QPR PR

If we consider a k-element subset A and apply the inclusion map p times

then we get each of the (k — p)-element subsets of A occurring p! many



times. Since R has characteristic p it is therefore apparent that OP is the zero
map. One can then consider homological properties of such a sequence M.

For fixed integers k* and 0 < i* < p we consider the subsequence
. n n n n n
Mk‘*,i* O<_Mk* <_Mk*+z* (_Mk*—‘rp(_Mk*—‘ri*-‘rp(_Mk*-i-Qp(_.”

where each arrow represents the relevant power of 0. Since 0P is the zero
map, then whatever our starting point in this sequence, if we “take two steps
along this sequence” we get zero. So the sequence M- ;« is homological.

Thus for any three consecutive terms
o op—i
n n n
My, — My — My,

in this sequence we can define a corresponding homology module Hy ;.

Many interesting results for these homology modules were obtained in

[17]:

Theorem 1.1. [17, Thm 3.2]

Hy # 0 if and only if n <2k +p—i <n+p.

Theorem 1.2. [17, Thm 6.2]

Let a € Q, then H'; = Hy ! @ Hy~ | as Sym(Q\ a)-modules.

Theorem 1.3. [17, Thm 6.4]
If 2k —i=n —1 then Hp, is irreducible.

It is also noted in [17] that for the case when p = 5 the dimensions of
the homology modules Hy; are Fibonacci numbers and the corresponding
modules are precisely the Fibonacci representations of the symmetric group

described in Ryba’s paper [12].



1.2 Modular Homology in Projective Space

The ideas discussed above were extended in the paper [13] of Mnukhin and
Siemons to consider modular homology in projective space. We think of
projective space as follows. Take V' to be a vector space of dimension n
over the field GF(q) where ¢ is a prime power. Then we can consider the
lattice of all subspaces of this vector space. This is the projective space of
dimension n — 1 over the field GF'(¢q) which we shall denote by PG(n —1,q).
Note that there is a change in dimensions - a d-dimensional projective space
is a (d + 1)-dimensional vector space. For a more detailed discussion about
projective spaces see for example the notes of Cameron [4].

In the same way as for the Boolean algebra we can introduce some natural
permutation modules for projective spaces. Consider the projective space
PG(n—1,q) and let F be a field of characteristic p where p is a prime which
does not divide ¢. For a given number 0 < k& < n we take the collection of
all k-dimensional subspaces of V' as a basis for a new vector space over F.
We denote this space by M;' and we may consider it to be a module over the
ring FGL(n,q). It is clear that such a module M} is a permutation module.

In this context the inclusion map is the homomorphism 0 which maps any
k-dimensional subspace to the sum of all the (k — 1)-dimensional subspaces
contained in it. This is a linear map 0 : M}’ — M]' , and thus we may obtain

a sequence of the permutation modules

7]
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The inclusion map 0 is said to be nilpotent if 9™ = 0 for some © > 1. Recall
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that for the Boolean algebra we have that 0P is the zero map. It therefore
makes sense to look for a least such m which gives the zero map for any n,
however large (of course m > n always works). For fixed p and ¢ we are able
to define 7(p, ¢) in such a way so that it is the least power of 0 which always
gives zero. When m = 2 we have that the above sequence M is a homological
sequence in the usual sense. When 7 > 2 the classical homology theory does
not apply. However, Mnukhin and Siemons [13] introduced the notion of a
sequence being m-homological and this allows us to find a sequence about
which we can consider homological properties. Thus, in the same way as
for the Boolean algebra, we are able to make our definition of the homology
module. We denote this module by Hj; and it is dependent on n, k and
7, the number of times we apply our map 0. In Chapter 2 we give formal
definitions of some of the notions discussed above.

We aim to obtain analogous results for homology modules in projective
space to those proven for the Boolean algebra. In particular we wish to find

answers to two main questions:

e Can we find a homology module decomposition for Hy'; in terms of

FGL(n — 1, ¢)-modules?

e Is there a condition which ensures that the homology module Hy; is

irreducible as an F'GL(n, q)-module?

We will show that we can provide positive answers to these two questions
as long as we make an assumption about our field F. In [9] James gives a

branching rule which is valid for any FGL(n, g)-module where F' is a field of

8



prime characteristic p with p not dividing ¢ and where F' is large enough to
allow for the existence of ¢ distinct linear characters (F, +) — GF(q)*. If we
make the assumption that our field F' satisfies this condition by adjoining a
primitive root of unity then we are able to use this branching rule of James
to assist with finding a decomposition for Hy;,. This process is discussed in
Chapter 5 and we are able to prove an F'GL(n — 1, g)-module decomposition
of Hy, for such a field F'. We find that if we “put ¢ = 17 into this result
then this matches the decomposition result already known for the Boolean
algebra, as stated in Theorem 1.2.

This correspondence between homology in the Boolean algebra and in
projective space is connected to the well known relationship between the
representation theory of the symmetric and general linear groups. It has
been observed that there is a close connection between representations of
FGL(n,q) and representations of the symmetric group G,, over the same field
F. In the case of the Boolean algebra the module H}!; is a module over the
symmetric group on n elements, while in projective space the corresponding
homology module is a module over the finite general linear group GL(n,q). In
9] it is noted that representation theory of the symmetric group G, (see [11])
appears in some way to correspond to the representations of finite general
linear groups GL,(q) if we “put ¢ = 1”. Many of the results for the case of
the symmetric groups remain true if formulated for GL(n, ¢) with ¢ set equal
to one. However it should also be emphasized that the proofs usually do not
hold and this is also the case for the results which we will give here.

One other question which arises is: What do these modules tell us about



representations of general linear groups? Each irreducible homology module
has an irreducible representation associated to it. In Chapter 7 we consider
the low-dimensional case when n = 2. Here it is relatively easy to construct
the corresponding homology modules explicitly. Each such homology module
gives a representation of PGL(2,q) and this allows us to describe explicitly

an irreducible representation of PGL(2,q).

1.3 Summary of Main Results

Our main result is the homology module decomposition as discussed above.
This decomposition formula is given in Theorem 5.11. In Chapter 6 we use
this decomposition theorem to prove several other results about the homology
module. In Theorem 6.2 we give a new and more direct proof of a result from
[13] that our sequence of permutation modules is almost exact. Similarly we
use the homology module decomposition to give a new proof for the rank
formula of certain incidence matrices given in Theorem 6.3. We also prove
a different and new expression for the rank formula in 6.4 and we illustrate
the connection between these two formulae.

In Section 6.4 we obtain a result which gives an answer to our second main
question which asked about the possible irreducibility of Hy';. We prove in
Theorem 6.8 that the same condition which ensures that Hy'; is irreducible in
the Boolean algebra (Theorem 1.3) also ensures irreducibility of the homology
module as an FGL(n,q)-module in projective space. Each such homology

module gives a representation of PGL(2,q) and thus in Theorem 7.1 we give

10



an explicit form for an irreducible representation PGL(2,q) — GL(q,p),
subject to the condition that p does not divide ¢ + 1.

The structure of the forthcoming chapters is as follows. In Chapter 2 we
give some formal definitions and we also state the result [13, Thm 3.1] of
Mnukhin and Siemons which tells us that the homological sequence we are
working with is almost exact. We will assume this result of almost exactness
in Chapter 3 where we consider the dimensions of the homology modules.

From Chapter 4 onwards our work will not depend on the result that the
sequence is almost exact. Indeed as we have stated above we will give an
independent proof of almost exactness in Theorem 6.2. However, in Chapter
4 and in subsequent chapters we will need the assumption that our field F
contains at least one non-trivial p'th root of unity where ¢ is a power of the
prime p’. In Theorem 4.20 we prove a decomposition of the permutation
module M} for this larger field which is a specific case of a result of James.
We then go on in Chapter 5 to discuss the homology module decomposition
before looking in Chapter 6 at the results noted above which are consequences
of this decomposition.

The result of Theorem 7.1 which gives a representation of PGL(2,q) is
independent of any of our earlier results and in fact requires no assumptions
about p and ¢, so we also allow for the possibility that p = ¢. It is only in
Section 7.3 when we relate this representation to the irreducible homology
modules that we again require the assumption that our field contains an extra
root of unity. We conclude in Chapter 8 with three different examples which

are useful in illustrating the theory of the earlier chapters.

11



2 Modular Homology

We begin by formally setting up the construction of the homology modules
we will be working with. As discussed in the introduction we will look at
sequences of permutation modules over some field F' from which we can
construct a homological sequence. From this homological sequence we may
give a precise definition of what we mean by a ‘homology module’. In the
second part of this chapter we give an account of some of the results already
known for homology modules in projective space. These results come from

the paper [13] of Mnukhin and Siemons.

2.1 A Homological Sequence

First of all we need to give precise definitions of some of the notions we have
described in the introduction. We then describe a sequence of GL(n,q)-
modules which contains a subsequence with homological properties.

Let IF be the field GF(¢q) and take V' to be the n-dimensional vector space
over F. Then we consider the projective space PG(n — 1, ¢q) to be the lattice
of subspaces of V. For a fixed integer 0 < k < n we let L} denote the
collection of k-dimensional subspaces of V. Now let F' be a finite field of
characteristic p where p is a prime which does not divide q. We denote by
M} the vector space over F' with basis Ly, so M} = FL;. We also define

the following homomorphism which will be of great importance to us.
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Definition 2.1. The linear map
0: M — M,
is defined on the basis L} by

d(z) == Z Yy

where the sum runs over all subspaces of co-dimension 1 in z € L}. We call

this map the inclusion map.

So this homomorphism takes a k-dimensional subspace = and maps it to
the sum of all the (k — 1)-dimensional subspaces contained in z and this sum

is regarded as an element of M;’ ;. From this map we obtain the sequence

0 1o} 0 0 0 0
M:0e— M} — M — -+ — M} | «— M} «— ---

Remark 2.2. We shall use the convention of writing all of our sequences in
this ‘backwards’ way (0 «— M} « ---) as a matter of convenience since
it is usually the beginning of the sequence which is of interest to us. This

convention will be adopted throughout the remaining chapters.

Now suppose that 7 > 1 is some fixed arbitrary integer and select positive

integers ¢*, k* satisfying £* 4+ ¢* < m. We consider the new sequence

o* o* o* o* o* o*
Mk}*,i* N 0 — Mk.* — Mk}*-f—l* <— Mk*+7r <— Mk*+’t*+7'(' — Mk*+2ﬂ' — .-

where 0 is the appropriate power of 0. This is the sequence we shall use to
construct our homology modules.

We now give the definitions of homological and (almost) exact sequences.

13



Definition 2.3. If p: A — B and 0 : B — C are homomorphisms then the

sequence

C«+— B+ A

is homological at B if ker(o) DO p(A) and it is exact if ker(o) = p(A4). A
sequence

'<_Ak71<_AkHAk+1<_"'

is homological (resp. exact) if it has that property at every A;. The sequence

is said to be almost exact if at most one of the A; is not exact.

This definition of a homological sequence is extended in [13] to define the

notion of when a sequence such as M described above is called 7m-homological.

Definition 2.4. Let m > 1 be a fixed integer. If M« ;» is homological for
every choice of i* < 7 and k* with k* + ¢* < 7 then 0™ = 0 and M is said
to be m-homological. We call a m-homological sequence M almost m-exact if

each My« ;+ is almost exact.

If 07 = 0 then at any point in the sequence My ;«, if we take two steps
along, we always get zero. Thus for every three consecutive modules in the
sequence we have that the image of the map from the first module to the
second module must be contained in the kernel of the map from the second
module to the third. Thus the sequence My~ ;- is homological.

The following combinatorial functions will be useful to us. We define

iy =1+q+¢+ - +¢"

14



qg"—1
q—1

for any non-negative integer 7. Notice that [0], = 0, [1], = 1 and [m], =

for m > 2. Using this we may define the g-factorial function by

(i1)q = [1q2]g - - - lilg-

Definition 2.5. For co-prime integers p and ¢ we define 7(p,q) > 0 to be

the least integer 7 for which [7], =0 mod p.

We see that m < pand 7 =pif ¢ =1 mod p. If p does not divide ¢ — 1

: 2 m—1 _ ¢"—1
then 7 is the order of ¢ modulo p because 1 +q+¢*+---+q¢" " = qq,1 . S0

¢" =1 mod p for all cases.
We consider again the inclusion map 0. For z € L} and ¢ < k, if we apply

this map ¢ many times then we have

d'(z) = cZy

where the sum runs over all y € Lj_, with y C . The number c is the
number of saturated chains y = yo C y; C --- C y; = x. To calculate this
number we take a (k — i)-dimensional subspace y which is contained in the
k-dimensional subspace z. We are looking for saturated chains and so y;
must be a (k—i+ 1)-dimensional subspace which contains y and is contained
in . So we must add one vector to the basis for y, and this must be a vector
from z. We have k— (k—1i) = i many basis vectors of  which are not already

: -1 2 i—1 :
in y, and hence we have ZTI =14qg+¢ +---+ ¢ many choices for the

vector we add. Continuing this process we then have qi;_l

many choices for

the additional vector for y» and so on. Once we have defined y; o we only

15



have % = ¢ + 1 choices for the vector we add to get y;_1. Hence we must
have that

C:1(1+Q)<1—|—q—|—q2++q1*1)

giving us

§(x) = (), Y v
For m > 2 we have ((m — 1)!), # 0 mod p while (7!), = 0 mod p and
therefore as long as m < n we can say that 0™ is the least power of d for

which 0™ = 0. So for given p and ¢ we can define such a number 7 in the

manner stated to ensure that we have a homological sequence.

2.2 The Homology Module

Having made some initial definitions and constructed a homological sequence
we are now able to give the formal definition of the homology module for such

a sequemnce.

Definition 2.6. For integers 0 < ¢ < 7 and k we put
K} :=ker o' n My

and

Il?,i =0 (MI?—Hr—i)'

Since 9™ = 0 it is clear that I}; C K7}!; and so we are able to define

n o o.__ n n
Hk,i = Kk,i/Ik,i

16



to be the homology module of the sequence
n o' n 0" n
My e My — My ;.

In later chapters we will also need to consider how these modules are
defined for ¢ = 0 and @ = 7. For ¢ = 0 we let K, = I}'y = Hy'y = 0 while
for i = m we have that K}', = M} (since 0" = 0) and I}, = M;" (since 0" is
the identity map). Hence we also define Hy', = 0. For an element f € K},
we denote [f] = f + I}!; to be an element of the homology module H},.

The following result shows that the above sequence is exact unless k£ and

1 satisfy a certain condition.

Theorem 2.7. [13, Thm 3.1] Let i < 7 := w(p,q) and k be positive integers.
Then Hy; = 0 unless

n<2k+m—1<n+m.

If a pair of integers k and ¢ < 7 satisfy the condition of Theorem 2.7 then
we call these parameters (k,i) a middle term for the sequence. There may
be no middle term for some My- ;« but if one does exist it can be shown to

be unique and thus we have
Corollary 2.8. The sequence My~ ;« is almost exact.

Remark 2.9. In Chapter 6 we will give a different and more exciting proof of
this result to the one given in [13], making use of the main branching theorem

which will be discussed in Chapter 5.
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3 Betti Numbers

Our first step towards obtaining a decomposition of homology modules is
to consider their dimensions. These dimensions are called Bett: numbers.
In the first part of this chapter we introduce combinatorial functions called
Gaussian polynomials. These are useful to us as they give the dimensions
of the modules M;'. The Euler-Poincaré Equation gives a relation between
alternating sums of Betti numbers and alternating sums of the dimensions of
the permutation modules M;'. If we make the assumption that our sequence
is almost exact then we can use the trace formula and Gaussian polynomials
to derive a formula for calculating the Betti numbers. In the last part of this
chapter we establish a relation for Gaussian polynomials which, combined
with the Betti number formula, leads to a result giving certain relations
between Betti numbers. From this we can derive the equivalent result for the

dimensions of the kernel K}!; and image I};.

3.1 Gaussian Polynomials

The usual binomial coefficients are the numbers (Z) which tell us the number
of different ways we may choose k different elements from a set of n elements.

They can be determined by the formula

(1) = o m

The g-analogues of these binomial coefficients are known as the Gaussian

polynomials. It can be shown that these numbers give the number of k-

18



dimensional subspaces of an n-dimensional vector space. Hence any relation
between Gaussian polynomials gives us a relation for the dimensions of the
modules M.

Recall from the previous section the definition of [i], = 14+ ¢+ -+ ¢"*
and let n be any non-negative integer. Then for 0 < k < n we define the
g-binomial function, or Gaussian polynomial, (Z)q by

(n) ,: [n]g-[n—1]g---In—k+1],
k q. [k]q'[k_l]q"'mq .

Gaussian polynomials have the following properties:

Theorem 3.1. [3, Thm 3.2] Let 0 < k < n be integers. The Gaussian
polynomial (Z)q is a polynomial of degree k(n — k) in q that satisfies the

relations

=1 (3.1)

), (
(0. - ()
0, - (), o
0 - (o)), e
u() - wte-() e

We now prove that the number (Z)q is indeed equal to the number of
k-dimensional subspaces of an n-dimensional vector space and hence is equal

to the dimension of M.
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Theorem 3.2. [9, Thm 3.1] Let V; and Vy be subspaces of V- with dim V; = a,
dimV, = b and Vi N Vo, = 0. The number of k-dimensional subspaces W of
V such that WNVi=0and W DV, s

n—a—>=st
qa(kfb) )
k—b .

Proof. Suppose we are given a basis for V5. Then the number of ways of
choosing k£ — b further linearly independent vectors from V such that no

linear combination of them lies in V; & V5 is
(" = ") (q" = ¢ (" = ).
This number can be expressed as
(q — 1)k bqabDEbt20D1 g pl In—a—b—1),--[n—a—k+ 1],

However, any k-dimensional subspace which contains V5 has the following

number of bases which extend the given basis of V5:
(" = ")(d" = ") - (" = d").
We can rewrite this number as
(g = 1) gz D00 e — byl — b — 1], - [1],.

Now if we take the quotient of these two numbers we get the required answer.

O

If we put @ = b = 0 into this theorem, so that V; = V5, = 0 then this

result gives the number of k-dimensional subspaces of V' and so we have

20



Corollary 3.3.

n n : n
q

3.2 The Betti Number

The fact that the Gaussian polynomials give the dimensions of the modules
M}! means that they are useful in calculating the dimension of the homology
module. Recall from the previous chapter that we have defined H}'; to be

the homology module of the sequence
n 3 n 07" n
My —— My — My ;

where 7 := 7(p, q) is defined to be the smallest power of @ which gives 0™ = 0.

We make the following definition:

Definition 3.4. The dimension of the homology module Hy!; is called the

Betti number of Hy';, denoted by
B = dim Hy,.

The Euler-Poincaré Equation (see [1, Ch.XX.3] or [8, Ch.IX.4]) for a
homological sequence relates the alternating sum of its Betti numbers to its

characteristic, the alternating sum of its dimensions.

Theorem 3.5. (Euler-Poincaré Equation) Suppose that R is a ring of prime
characteristic p and let G be a group whose order is not divisible by p. If we

have a homological sequence of RG-modules

A0 —Ag— - —Ap 1 — Ay — Apy1 -0

21



with homology modules Hy then

S (1) dimH, = Y (~1) dim 4,

(2

We can use this to prove a formula for calculating the Betti numbers:

Theorem 3.6. If k and 0 < i < 7 are integers such that (k,1) is the middle
term of My ;- then

@?lzz (k—nﬂt) B (k—?—mﬁ) ’

tez q q

Proof. Since the sequence My~ ;« is almost m-exact then at most one of the
homology modules is non-zero and thus applying the above Euler-Poincaré
Equation to this sequence gives

dim Hy, = dim My, — dim M}, _,

tez

when (k,i) is the middle term. Since the dimension of M} is (Z)q we have

the required formula. n

k—i—mt

Remark 3.7. (1) If we consider the function ¢y, ==, (kfm)q —(,_" )q
for general integers n, k and i then (3}, agrees with ¢}, when (k,i) is

the middle term. If (k,7) is not the middle term then f; = 0.

(2) If we consider the case when m = 2 and take n to be odd then we may

observe that ¢ ; = 0.

(3) If p is a prime power not dividing ¢ then 7(p, ¢) is the order of ¢ modulo

p. If we take ¢ = 1 then 7(p,1) = p and (Z)l is the usual binomial

22



coefficient. Thus we can still define the Betti number in this way and
an interesting observation is that if we put ¢ = 1 and p =5 then ¢y,
(and hence the non-zero Betti numbers) are (n — 1) n' or (n + 1)™"

Fibonacci numbers, as noted in [17].

The following table gives some values for the Betti numbers 5y, when
m,n, k and ¢ are small. Note that as 7 is a function of p and ¢ then if we fix

7 we may express the number in terms of ¢ only.

Values of (k,1)

7l n | ) 12 | @ (2,2)
20110 0 0 0

2 | g—1 0 0 0

310 0 0 0

410 0 G- —-q+11]0
310 1 0 0

2 | q q 0 0

3| ¢+qg-1 0 0 P +q-—1

410 0 @+ -1 ¢t +q* -1
41110 1 0 0

2 | ¢ g+1 |0 0

3| d*+q ¢ +q |0 ¢*+4q

41 @+¢*+q-1]0 gt + ¢* P +27+q-1

Table 1: THE FUNCTION [,
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3.3 Some Betti Number Relations

We can now use the formula for calculating §y; to examine some relations
for the Betti numbers. We begin with a result which gives a relation for

Gaussian polynomials and hence for the dimension of the modules M.

Lemma 3.8. For 0 < k <n,
dim M} = dim M} + dim M~ + (¢" ' — 1) dim M.

Proof. The dimension of M;' is the number of k-dimensional subspaces in V'

which is given by the g-binomial function (Z)q. So we are required to show

(0, () ) i), o

It is easy to check that this relation holds when £k = 0,1 0orn. For 1 <k <n

that

we may use the definition of the Gaussian polynomial to express the right

hand side as

[n_1]11"'[”_]{}(1_'_[”_1]q"'[n_k+1]q
[k]q"'[l]q [k_l]q"'mq

This may be simplified to

() (s B o)

(], (]

2]y [~ K,

DT T,

-1
q—1

Now for integer m > 1 we have [m], = and thus our expression is equal
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to

(Z) (@”*—1%+@k—1%+@k—1x¢””—n)

q" —1

kJ, qr—1

-(0) (5=9)- ().

O

We can now use this relation for Gaussian polynomials together with
the formula for calculating §;; to investigate some relations for the Betti
numbers. Here we prove two relations which have the same shape as the

result in the previous lemma for M;'.

Lemma 3.9. (1) If0<i<mandn+1<2k+m—i<n+m—1 then
Bri = 51?,;}1 + 62:11,i—1 + ("' - 1)5/?:12,1‘
(2) If0<i<mandn <2k+m—i<n+m then
621 = 17;21 + 61?:111 + (qnfl - 1>61?:121

Proof. (1) We consider the expression (3.6) for Gaussian polynomials,

(1), = (), Go), re (),
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Substituting this into the formula for calculating Gy, gives

o n—1 n—1 e n—2
ﬁk’izz<k—ﬁt> +(k:—7rt—1) +la 1_1)(16—7#—1)
tez q q q
n—1 n—1
k—1i—mt . k—i—mt—1 .
-2
o n—l_l n
(4 )<k:—z'—7rt—1 .
B (n—l) _( n—1 >
P k— 7t . k—i—mt—1 .

n—1 n—1
+Z<k—7ﬂf—1)q_(k—i—7ﬂf)q

te7
-2 n—2
n—1 1 n -
+ (g )Z:k—wh4_ k—i—mt—1
tez, q q
5k i1t BeZ 112 T A 1)52—_12,1'-

For (2) we notice that

n—1 n—1
i + B = Z(k—l—mf) _(k‘—i—mf)
q q

teZ

n—1 n—1
+Z< —7Tt) <k—i—1—7rt)q
and rearranging gives

n n—1 n—1
kllz 1+5kz+1 Z(k—mﬁ) _<k:—i—7rt>
q q

teZ
n—1 n—1
+§:<k—1—ﬁ9 _(k—i—1—wJ
teZ q q
+6k 1,8°

So the second Betti number relation follows immediately by substituting this

into (1). O
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Again we note the connection with homology in the Boolean algebra. In
[17, Thm 4.5] it is shown that in the Boolean algebra case the Euler-Poincaré

Equation leads to the dimension formula

n o n _ n
ﬁk’i_;(k—m) (/f—i—pt>

and [17, Cor 4.6] gives two relations
Bia = Bii + B,
n—1 n—1
= ﬁk,zurl + ﬁk—l,i—l‘
These are precisely the relations we obtain if we put ¢ = 1 in Theorem 3.6
and Lemma 3.9.

We can also prove that exactly the same relations hold for the kernels

K};i which we defined earlier.

Corollary 3.10. For integers k and 0 < i < m we have

dim K, = dim K7l +dim K7, + (¢" ' — 1) dim K77,

Proof. Recall that the homology module is defined by
Hl?,i = Kl?z/Il?z
where
Il?,i = 87r_i(Ml?+7r—i)'

So we have

dim K}'; = dim H}}, + dim(0™ (M}, _,))-
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By the rank + nullity formula we know that
dim (0™ (M} ) = dim M}, ., — dim K}, .,
and substituting this into our previous expression gives us
dim K}, = dim Hy, + dim M/, ., —dim Ky,

We can now prove the result using induction on k, starting with a base step
of £ > n and then proving the result for all smaller values of k.

For the case of & > n we notice that since M7 = 0 for a > n, we must
have that K7, , .= 0. So we can ignore the last term in our expression
for dim K7 ;:

dim K}, = dim Hy, + dim M/, .

From the two previous lemmas we have that this relation holds for both
dim Hy!; and dim M, so the relation holds for dim K}'; when k > n. We
now assume that the result holds for all £* > k and prove that from this it

holds for k.

Since m — ¢ > 0, from our inductive step we may assume that

: n R K n—1
dim Kk+7r—i,7r—i =dim Kk+7r—i,7r—z'+1

+dim KD (@ = D) dim K
So by the formula
dim K,Zi = dim Hﬁi +dim M, ., — dim K,’;Hfi,ﬂfi

we have that the result holds for all . O

28



By the definition of the homology module Hy; = K};/I}!; we have

Thus any relations which hold for dim Hy; and dim K}; must also hold for

the dimension of the image.

Corollary 3.11. For integers k and 0 < i < m we have

dim ['; = dim I~} ;) +dim [}, + (¢" ' — 1) dim I} 7.

The result in Lemma 3.9 giving a relation for the dimension of homology
modules helps us in predicting a potential module decomposition for Hy,. In
Chapter 5 we will investigate this further and prove such a branching rule.
However it is worth noting that this will be done independently of Lemma
3.9 and the proof will not rely on this fact that the dimensions satisfy the

corresponding branching rule.
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4 Decomposing the module M}

In this chapter we consider the permutation module A}' which consists of the
formal F-linear combinations of the k-dimensional subspaces of a vector space
V of dimension n. Our aim is to construct a decomposition of this FGL(n,F)-
module in terms of FGL(n — 1,F)-modules. If our field F' is extended by
adjoining a primitive pP""¢th root of unity then we may use a result of James
[9, Thm 10.5] which gives a branching rule for the FGL(n,F)-permutation
module M, corresponding to a composition A of n. A composition is a
sequence A = (A1, Ag, - -+ ) of non-negative integers whose sum is n. When
we take A to be the two-part composition (n — k, k) this module becomes
M. This branching rule splits M} into two parts by using two idempotent
elements which we shall define later. By considering each of these two parts
in turn we can obtain two F'GL(n — 1,q)-isomorphisms which lead to the

module decomposition we desire.

4.1 A Branching Rule for F'GL(n,F)-modules

When our field F'is extended to include a p'th root of unity there is a result of
James [9, Thm 9.11] which gives a branching rule for any FGL(n, q)-module.
This branching rule involves some idempotent elements and in this section
we give a precise definition of how to construct these idempotents and state
the branching rule itself.

We begin by defining some notation for the general linear group and some

particular subgroups. We shall use the notation G,, = GL(n,F) to denote
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the general linear group of degree n over F. We may think of G,_; as a

subgroup of GG, in the following sense:
(

10 0
0
Gp1 = :9g € GL(n—1,F)
: g
0
\ J
Similarly we define
( 3
100 - 0
010 - 0
Gpo = 0 0 :g € GL(n —2,TF)
g
0 0
\ Vs

We also define another subgroup G7_; of G,, to be the group of affine linear

transformations on F?~!:
( )

Gy | = ca; €F,g€e Gy

Qn
\ /

and similarly we define the subgroup

1 0 0 - 0
a, 1 0 0
H | = as  bs ca;,b;j € F,h e Gy
h
\ tn bn J
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It is clear that these are indeed subgroups of G,,. Notice that we have
Gn2CH, ,CG, | CG,.
The order of GG, is given by
Gl = (¢" = 1)(¢" = a)(d" = ¢*) - (¢" =" 7).
Hence we have
Gr | =" Gl =" (@ =D =) (" ="

and

H: | ="' |Gl =" " (= D" —q) - ("= "),

Thus we can compute the index

Gra]

— qnfl -1
| H|

}G:Lfl : H;fl‘ =

Before going any further we need to make the assumption that our field
F contains a primitive p'th root of unity. Hence we make the following

definitions:

Definition 4.1. Let I be a field of characteristic p and take ¢ to be a power

of the prime p’ with p’ # p. Then we define

(i) F is the extension field obtained by adjoining a primitive (p')th root of

unity to F,
(i) M = FL? is the permutation module over F with basis LY.
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Extending the field in this way allows us to construct some idempotent
elements of F'G,. These idempotents can then be used to give a general

branching rule for any F'G,-module.

Definition 4.2. A linear F-character y of (F,+) is a homomorphism
x: (F,+) — F*.

If ¢ is a power of the prime p’ then every element of (F, +) has order p’ and
thus (F,+) is an elementary abelian p’-group. Since F' contains a primitive
p'th root of unity there exists ¢ distinct linear F-characters of (I, +). These

can be used to define some idempotent elements as is done in [9].

Definition 4.3. Let x1,-- - , X, be the distinct linear F-characters of (F, +)
with x; equal to the trivial character. Denote ¢~ = {(7,j) : 1 < j <i < n}.

Now suppose that 1 < r < n. We make the following definitions:
(1) I'(r)={(j)eo™:j<r}
(ii) The function ¢, : I'(r) — {1,2,--- ,q} is defined by

G+ 1L, )e.=2ifj <,

(1,7)c, = 1 for all other (i,7) € I'(r).

(iii) The group G(I'(r)) consists of all matrices which have every diagonal
entry is 1, arbitrary elements of F in positions (7,j) € I'(r) and zeros

everywhere else.

33



(iv) For a matrix g € G(I'(r)) we define the function y., : G(I'(r)) — F by

Xer 0 9= (i) = [ ] Xeigye (i)
ij

where «; is the (i, j)-entry of g.

(v) Let E, be the following element in F'G,,:

1
ETZW Z Xcr(g)g'

geG(I(r))
Example:
If n = 4 then
1 0 0 1 0 00
1 ag 1 00 1 a 1 0 0
E1 = 3 Z y E2 = 5 Z X2(a2) ;
q a;€F Qg 010 a;,B; €l a3 53 10
ay 0 0 1 ag B4 01
1 0 0 0
1 as 1 0 0
By = ) Z x2(az2)x2(5s) ’
q B,k €EF O3 53 1 0
ay Py oya 1
1 0 0 0
1 a1 0 O
Es=— Y xolas)xa(Bs)x2(1)
9 ai, B,k EF as (B3 1 0
ay By oy 1
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It is worth noting that we consider these idempotents as elements of FG,,
rather than as matrix sums. It can be shown that if 1 < r < n then we have
E,E, = E, and hence these elements F, are idempotent elements of FG,,.
Given any FG,-module M we apply the idempotents £, by multiplication
on the right. So M F} is the space

(xEy :x € M)p.

It is clear that B} € FG*_,. Also every g € G*_, commutes with E; and so
we have By - g = g- By € FG,E;. Since M is an F'G,,-module we have that
x-g € ME, for all z € ME; and hence M E; is a right G},_;-module. For

each idempotent F, we define the space
METG:;—I = <xE7"g HEUIS Mag € GZ—1>F

which is clearly also a right G, _;-module. We now give the following theorem

of James which gives an F'G?_,-decomposition of any FG,,-module.

Theorem 4.4. [9, Thm 9.11]
If M is any FG,-module then

(i) M =ME, & (Y1, ME,G;,_,) as FG;_,-modules, and

(ii) dim M = 370 (¢" = 1)(¢" 2 = 1)+ (¢"7 = 1) dim(M E,).

4.2 Standard Matrix Form

The elements of the permutation module M} are F-linear combinations of the

k-dimensional subspaces of V. It would therefore be useful when considering
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M} as an F'G,,-module to be able to express these subspaces in matrix form.
We now describe how this can be done so that every k-dimensional subspace
of the n-dimensional vector space corresponds to a unique k£ X n matrix over
the field F.

To express any k-dimensional subspace in matrix form we first need to
fix a basis {vy,---,v,} of V. We then take any k-dimensional subspace
x = {(x1,-+ , 1) and express it as a k X n matrix in the following way. We
index the columns of the matrix by vq,--- ,v, and the rows by z1,--- , x;.
Each vector z; can be expressed as a linear combination of the basis vectors
V1, , U, and so

Ti = Q101 + QU2 + +++ + AUy

with a;; € F. In the (i, j)-position of the matrix we insert the coefficient
a;j. Thus we have a k& x n matrix which represents x. This matrix is not
yet unique however, as there are many bases we can choose for our space x
giving different vectors x; and hence different matrix entries.

We observe that we can apply the following row operations to this matrix

without changing the subspace it represents:

(i) Divide all entries in a row by a non-zero element of F.
(ii) Subtract a multiple of one row from another.

(iii) Rearrange the order of the rows.

By applying (i) and (ii) we can arrange that the last non-zero entry in each

row is a 1 and that all other entries in the column containing this 1 are
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zero. We call this entry a leading one. For each row ¢ we denote the column
containing the leading one by a;. Using (iii) we can interchange rows so that
1 <a; <ay < -+ < a, <n. This means that we have a matrix of the

following ‘standard form:

* * 1 0 0 00 0 0O 0 0 0 0
* * 0 =% * 1 0 0 0 O 0 0 O 0
T = * x 0 = x 0 x * 1 0 0 00 0
* * 0 = * 0 =% * 0 % * 1 0 0

Remark 4.5. (1) This process of row-reducing to standard form is the usual
Gauss-Jordan elimination, but where we start from bottom-right rather

than top-left.

(2) Note that when we say that we have a k x n matrix in standard form
then we are assuming that the matrix has rank k. If the row operations
produce a row of zeros then we remove this row from the matrix. Here
we are dealing with k-dimensional subspaces and so it is clear that the

matrices must have rank k.

We can prove that this ‘standard matrix form’ is unique.

Lemma 4.6. There is a bijection between the set of all k X n matrices in

‘standard form’ and the set of k-dimensional subspaces of V.
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Proof. To prove this we show that the number of matrices in ‘standard form’
is equal to (Z)q, the number of k-dimensional subspaces of V. We do this by
induction on n, the dimension of V. For small n it is easy to verify that this
is the case. So we assume that the result holds for n — 1. Now we observe

that any standard k x n matrix must be obtained in one of two ways:

e From a (k—1) x (n— 1) matrix M* with an additional top row of zeros
and then an additional left hand column with a one in the top position

and zeros in every position below

1 0
0o M

e From a k x (n — 1) matrix M** with an additional left hand column

containing arbitrary elements of F

These give all possible standard £ x n matrices and so the total number of
matrices is the number of standard (k — 1) x (n — 1) matrices plus ¢* times
the number of standard k x (n — 1) matrices.

Now we recall the formula for Gaussian polynomials from Theorem 3.1

which gives the relation (3.4):

(1) = (o) (),
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Then by induction we must have that for any n the number of matrices is
equal to the number of subspaces. Since every subspace corresponds to some
matrix and since this correspondence is injective, we have a bijection and

hence this matrix representation must be unique. Il

Remark 4.7. In the above proof we have counted the number of objects on
both sides to prove that the bijection exists. However it should also be noted
that we have the same bijection regardless of whether the field F is finite or

not.

We also have the following result which says that if we multiply together
two matrices in standard form then the resulting matrix is already in this
form also, with no need to apply further row operations. This will be useful

to us in later chapters.

Lemma 4.8. The product of two ‘standard’ matrices is itself a ‘standard’

matriz.

Proof. Let A be a k x [ matrix and let B be an [ x m matrix with both A and
B in ‘standard’ form. Then the two matrices A and B have the following

properties:
1. The last non-zero entry in each row is a 1 (the leading one).
2. If we denote the position of the leading one in row ¢ by [(z) then
(1) <1(2) <---<l(n)

where n denotes the number of rows in the matrix.
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3. Each column which contains a leading one has zero in every other

position.

We shall denote the (4, j)-entries of the two matrices A and B by a;; and
b;; respectively. We denote the rows of A by sq,---,s; and the rows of B
by r1,- -+, 1. Now if we put C' = AB with (i, j)-entry ¢;; and rows t1,-- -, t;
then we see that

li=apry + apra+ -+ agn

where we add any two row vectors by adding together their corresponding
entries. Denote the position of the leading one in row i of A by I(s;). Then

ai; = 0 for all j > I(s;) and a;s,) = 1. So
bi = apry + appra + - -+ Qs —171(s)—1 T Ti(s:)-

Now denote the position of the leading one in row ¢ of B by {(r;). Since B is

in ‘standard’ form we have
l(r) <l(rg) <--- < l(rl(si))

and hence
I(t;) = l(n(si)).

Since A is in ‘standard’ form we know that if ¢ < j then I(s;) < I(s;) and so
I(t) <l(ta) <---<Ity).

So (' satisfies the first two properties of a ‘standard’ matrix.
Now note that since A is in ‘standard’ form then ajs,) = 0 for j # .

This means that the coefficient in column position [(s;) is zero in s; for j # i.
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Hence only row ¢; has a non-zero entry in column [(s;). This means that C'
also satisfies Property 3.

So C is in ‘standard’ form. ]

Another useful observation which can be made relating to how G,, acts
on the set of k-dimensional subspaces is the following lemma which shows

that it is a transitive action.

Lemma 4.9. The group G,, acts transitively on L}.

Proof. Let
i1 Tiz - Tin
To1 T2 - Top
xr =
Tnl Tp2 - Tpn

be the matrix representing any k-dimensional subspace. If we take

then selecting any element of the form

x
9= € Gn
g
givesusy-g=2x. Thus{y-g:9€ G,} = L}. ]
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4.3 The Permutation Module M,’j

The module M © is the FG,-module consisting of all F-linear combinations
of the k-dimensional subspaces. We may now apply the branching rule of
Theorem 4.4 to this module, allowing us to split the module into two parts.
We can then consider each part separately and define F'G,,_;-isomorphisms
which will lead us to a decomposition of this permutation module.

Recall that a composition of n is sequence A of non-negative integers
whose sum is n. If we take A = (A, Ao, -+ , Ap) such that \; £ 0for 1 <i < h
and Ay + Ay + - - - + A\, = n then we call A an h-part composition of n. For
each such composition James defined a permutation module M) which is an
FG,-module. The significance of these modules to us here is that if we take
A to be the two-part composition A = (n — k, k) then M) is the module M}
which we have defined above. It is shown in the proof of [9, Thm 10.5] that
MyFE,. = 0 for r > h, where h is the number of parts of the composition .

So for A = (n — k, k) we have
MJ}E, =0 for r > 2

Thus if we apply the branching rule of Theorem 4.4 to our module M} then
the decomposition is greatly simplified and involves only two idempotents.

We have the following result which is given in greater generality in [9].
Theorem 4.10. [9, Thm 10.5] We have
(i) Ml = MI'Ey, & ME,G:

*
»_1 as G _ -modules,

(i) dim M} = dim M} Ey + (¢"~' — 1) dim M}'E,.
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We now consider the two parts of the module decomposition in 4.9(7)
with the intention of constructing FG,_;-isomorphisms for each of these
parts to lead us to a decomposition of ]\7[,? in terms of FG,,_;-modules. We

must first make some definitions. Given two subspaces a = (aq,- - ,a,) and

b= (by,---,bs) we define
aVb= <a1,"' 7arab17"' 7b$>'

We may extend this linearly to elements of M. If we let f = > f,x and
h=7> hyythen fVh=73  fh,(xVy). If wefixabasis {vi,ve, -, v}
of V' then we may define two subsets of L}}. We denote the subset of those

k-dimensional subspaces containing the first fixed basis vector v; by
Ly, ={ve Ly v €x}

and we denote the set of subspaces which do not contain v; by
Li,={r €Ly v ¢z}

Thus we define M}, = FLy, and My'y = FL},. So we have Ly = Ly ULy,
and M} = Mﬁl @ MI?,T Both Mﬁl and M,?Q are F'G,,_1-modules. Since
E, € FG*_, we have MP'E, = M&El & MﬁzEl as FG*_,-modules.

We consider the standard matrix form for subspaces in these two sets. If

x € Ly, then the standard form matrix has shape
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where (1) is a (k — 1) x (n — 1) standard form matrix. Otherwise we have

r € L., with standard form matrix shape

ay
22
Qg
where 2(?) is a k x (n—1) standard form matrix and ay, - - - , ay, are elements of

F. So the subspace represented by the submatrix 2(!) is a (k — 1)-dimensional
subspace of an (n — 1)-dimensional space whilst the space represented by z(?
is a k-dimensional subspace of an (n — 1)-dimensional space.

We can now define two maps ¢ : Lj; — L~} and ¢, : Liy— Ly~ ! by
¢z — 2D,

bg: x — .

These maps may be extended linearly to M} so that ¢ : Mﬁl — M}~ and
O ]\7[,22 — M}"'. Since x is in standard form the submatrices () and
2 are uniquely determined and they are also in standard form. Hence both
maps ¢; and ¢, are well-defined and linear. Indeed it is clear that ¢, is also
a bijection. The following result shows that the first idempotent E; leaves a

subspace unchanged if it contains the first basis vector v;.
Lemma 4.11. Ifx € Ly, then 2Fy = .

Proof. 1f we express z in standard matrix form and multiply on the right by
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E we get the following

1 1 0 1 0

qnfl Z

alefn-1 0 x(l) a I

1
- qn—l Z

aT eFn—1 x(l)a x(l)

.TEl =

Since (V) is already in standard form each of the matrices in the sum row

reduces to
1 0
0 20
and hence we must have
B ==
whenever v, € x. O

A direct consequence of this result is that if we apply E; to ]\_4,21 then
this module remains unchanged, so we have MﬁlEl = M,’;l. For this first

part of the branching of ME; we can describe the following isomorphism.

Lemma 4.12. We have
My = M)
as FG,,_1-modules.

Proof. 1f we consider the map ¢; as defined above we have

¢1 . M]ZlEl — Mg__ll.
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For z € L, if we right multiply by some element g € G, this gives

10 0 10 0 10 0
0 0 0

L) p O
0 0 0

Thus ¢1(x - g) = 2 - g = ¢1(2) - g and so ¢, is a G,,_;-isomorphism. O

We now consider M k21 and look at what happens if we take a subspace
not containing v; and multiply on the right by E;. We are able to show that

the map ¢, defined earlier gives us an isomorphism for this module.
Lemma 4.13. We have

M}, Ey = My~
as FG,,_1-modules.

Proof. The subspaces z € Ly, do not contain v;. So the standard form

matrix for x has shape

where a is a column vector of height k over F and where the submatrix z(?

is a uniquely determined k x (n — 1) matrix in standard form. Now
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and multiplying this out we have

1
— Z a+z@b 23

The matrix for £ has full rank & and so as we sum over all column vectors b

of height n — 1 over F then the products b run through all column vectors

nflfk).

of height k£ over F (with multiplicity ¢ Thus the column vector a

makes no difference when we calculate xE; and we have

1
rEy=— > @ 2®

q bTE]Fn—l
by
qn—l—k
- n—1 Z . ‘T(z)
q b;eF
by,
b
F 95! I
q b;eF
by,

So ¢o(zE;) = 2? and thus
¢2 : MIZQEI — M’?_l.

The map is clearly surjective. It is also injective because if z(?) = ) then

zFE; = yE,. So ¢ is a bijection. To show that this map is an FG,_;-
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homomorphism we take = € Ly, and right multiply by any g € G,,—1. Then

1 0 - 0
a1 ay
0
i g = x(2) = x(z) g
: g
Qg Qg
0

This shows that

Ga(z - g) = 2% g =¢2(7) - g
for all g € G,,—1. m
Combining these last two results gives us:
Lemma 4.14. We have
MiEy = M & M)
as FG,,_1-modules.

We now consider ME,, the other part of the decomposition for M},
and show that we can obtain an F'G,,_s-isomorphism for this module. First
we define the subset (L})T of L} to be the set of all subspaces in L} whose

standard form matrix has shape:

aiz 1 0 --- 0
ay 0

ol
a, 0
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where ' is a standard (k — 1) x (n — 2) matrix and ay,--- ,a, € F. The
following result is also a specific case of the result [9, Thm 10.2], but the

proof given here is independent.

Lemma 4.15. If v € L} then we have vEy = 0 unless the standard form

matriz for x is in (L)1

Proof. We look at three possible types of standard form matrices and deal
with each of these individually:

Case 1:
First of all we consider the situation when v; € . When we apply E5 to the

standard form matrix for a subspace of this type this gives

1 0 0 0
10 0
(6D) 1 0 0
1 0
.TEQIT_?) Z X2(a2) az [
q ai,BjEF : x(l)
O In72
an /871
1 00 --- 0
1 Y2 02
= _ X2(OéQ)
q2n 3 ai%:e]l? ,I‘(l)
Vi Ok
where

Vi = TipQ + T30z + -+ TinQp,

0i = Tig + Tigfs + - + TinOn
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where z;; denotes the (7, j)-entry of the standard matrix for z. Now since

W is in standard form, if we row reduce these matrices into standard form

we get
1 00 -+ 0
1 0 9
1By = D, xe(aw)
q a3, €F ey
0 O

The crucial thing to note is that the matrices in the sum have no dependence
on ay. Since ZQQGF X2(c2) = 0 then we must have zFy = 0.
Case 2:

The second case we consider is when z is in (L?)T, so the standard matrix

has shape:
aa 1 0 - 0
a9 0
ol
ar 0
When we apply Es we get
1 0 0 0
ag 1 0 - 0
a 1 0 0
1 (05} 0
TEy = 53 Z X2(an) as s
ai,ﬁjEF IT
]n—2
Qg 0
& P
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which we can express as

ap + ao 1 0 --- 0
1 V2 02
2n—3 Z Xg(()éz)
q oy,B;€F . : fI/'T
Y o Ok

where

Yi = Qi + T3z + -+ T Qo
0i =T3P+ + Tin Oy

where again x;; denotes the (i, j)-entry of x. By row-reducing these matrices

we get

aq + oo 10 --- 0

Yo — (52(CL1 + 042) 0

1
g2n—3 Z x2(az2)

a;,B;€F : : CL’T

Ve — Ox(ar +a2) 0

We note that this time there is a dependency on «s in the matrices in the
sum and so we cannot say that xFs is zero.

Case 3:
The final case to consider is all other possible standard form matrices. These

must have the following shape:



where z* is a standard k x (n — 2) matrix. When we apply Fs to a matrix

of this shape we get

1 0 0 0
ap bl o9 1 0 0
1
rEy = —— Z X2 (a2) Do " as s
q Oéi,ﬁjEF
Qg bk In—2
an /871
This gives
é! 01
1
ai,ﬂjGF
Ve Ok

where

Vi = a; + by + Tizaz + -+ TinQin,
0i = b + w303+ - + Tin Oy
Since the sum is over all o; and 3; in F then if we fix ay and define

*_

Y, = G + TizQg + -+ T Q.

we have that for every fixed ¢ each ~; corresponds to some ;. Hence we may

express o as

Vo0
1
I’EQ - q2n,3 Z XQ(az) Z . . z*
as€F s, ,an,0;€F
Vi Ok
Since ). cp X2(@2) = 0 then we must have v Ey = 0. O
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Any z € (L?)' has standard form matrix shape

T11 10 --- 0
T21 0
Tr =
ol
Tkl 0

and thus we define 2 to be the space with standard matrix form

010 --- 0
00

0 0

From the above we see that if z € (L?) then

T11 + Qo 10 --- 0
1 Y2 0
RS = Z x2(az)
q ;Y EF .’IfT
Vi 0
and similarly
a 1 0 --- 0
1 Y2 0
By =2 > Xa(ao)
sy €F Do al
Y 0

Since x3 is a linear character of (IF, +) we have

X2(z11 + a2) = xa2(z11) - X2(2).
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giving
X2(£E11) cwky = ZBIEQ-

Thus for any [ = erLg for € M} we have

JEy = Z Jor B = Z fo =t Ey.

eyt et X2($11)

For every such element f € M}* we can define

ze(LD) X2(11)
so that fE, = ftE,. If we let

4 A
010 --- 0
0 0

(L = al e L2

.o ot
0 0

\ J

and put (MP)* = F(L?)* then we have

We now use this information to construct an isomorphism for the module

M]E,.

Lemma 4.16. We have
MPEy = M}

as FG,,_o-modules.
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Proof. By our previous discussion we have shown that M'E, = (M})E,
and that for any f € M} we have fE, = ftE, where ft € (M)} is defined

as above. We define a map ¢3 : (M})*Ey — M;~? by mapping any such

element
FiEy= > fulvava)Ey € (M])E;
z€(Lp)*
to
fiEQ Z fac

ve(LD)

The map ¢3 is clearly surjective. If 37 Lp)! foat = D e L)t hex' then
JtEy = htE; so ¢3 is also injective. For each z € (L?)* in standard form the
space z is uniquely defined and in standard form. So ¢3 is well-defined. It
is also an FG,,_o-homomorphism for any ¢ € G,,_» commutes with E, and
so (fYEy) - g = (f*- g)E,. If we multiply any x € (L}?)* on the right by any

g € G,,_5 then we have

100 -+ 0

010 -~ 0 010 - 0
010 - 0

0 0 00

T-g= 0 0 =
oo o 2teg
g

0 0 00

0 0

So for any g € GG,,_o we have
¢3(fiE2 -g) = ¢3(fi - gky) = ﬁb(fiEQ) )
showing that ¢; is an F'G,,_s-isomorphism. [

Combining these results with the branching rule of Theorem 4.10 gives

us the following decomposition for the permutation module M}*. This result
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corresponds to the much more general result [9, Cor 10.16] of James for the

permutation module associated to arbitrary compositions.
Theorem 4.17. We have

Mjp = Mt e M & My Gy
as FG,,_1-modules.

Recall that we have defined the following subgroups
G, 2CH,  CG,
of the general linear group G,, with the index
Gy Hyy | =g =1
Then we can make the following definition

Definition 4.18. Let M be any FH ,-module. We define M(¢"~* — 1) to

be the module induced from M to an FG?_,-module.

We can show that the module M’?EQG*

»_4 1s isomorphic to the module

induced from the F'H* ,-module M!'E, to an FG?_,-module.
Lemma 4.19. We have a G, _1-isomorphism
M’?EQ 2_1 = MgE2(qn—1 — ].)

Proof. Our first step is to show that M E, is indeed an F'H;_;-module. Take

any matrix h € H;_;. We claim that this commutes with . The matrix
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for h has shape

where a;,0; € Fand g € G,,_».

then we have

1 0 0
a 1 0
h=1 a3 by
g
an by

1 0
()] 1
as s
an /67'1

which we may express as

The * in the resultant matrix are F-sums of the o, 3;, a; and b;’s. But since
we are summing over all such possible entries from F then in the resultant

matrix we are also summing over all possible entries x € F. If we multiply

1
Qo + Qg

*

*

o7

0 0
10

*

*




on the left by h we get

1 00 0
Ao + Qg 10 --- 0
1
hE2 = 2n—3 Z X(OQ) * *
q az,ag,*E]F
9
* *
We see that Ey commutes with the group H) ;. Thus ExH} | = H | E»
and so we have
M}E,H! | = M]'E,
So M'E, is an FH}_,-module.
Since |G;_y : Hi_i| = ¢"' — 1 we can express
q"71—1
ne1 = U Hy, - g;
i=1
for a set {g1, 92, -, gn-1-1} of right coset representatives for H_; in G}, _;.

Now if we consider our module M} E>G?_, we have

q"71—1

MPEG;,_ = Y M{EH;_, g
=1

We are now required to show that this right hand side is a direct sum, which
we may do by considering the dimensions of both sides. By Theorem 4.10

(ii) we have
dim M}" = dim M'E, + (¢"~ " — 1) dim M}'E,
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which shows that dim MPE,G: | = (¢" ' — 1)dim M*E, and since both
sides have the same dimension then ;’;171 M,?EQ - g; 1s a direct sum as

required. O]

We conclude the following result:
Theorem 4.20. There is an FG,_,-isomorphism
My = My~ @ M~y & M= (¢" " = 1).

Note that by taking dimensions of this branching rule we have a formula

which corresponds with the result of Lemma 3.8.

In Chapter 8 we give two examples which describe how this isomorphism
works in certain low-dimensional cases and help to illustrate some of the

theory in this chapter.
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5 The Homology Module

We now consider the homology module H}’; and look at how we can obtain a
branching rule similar to the one obtained for the permutation module M}* in
the previous chapter. If we take an element which is contained in the kernel
K}, then this is still a linear combination of k-dimensional subspaces. An
important tool in being able to construct a decomposition for these kernels
is having a good understanding of the inclusion map, 0. In the first part
of this chapter we identify this inclusion map in terms of matrices. The
homology module is itself an F'G,-module and thus, as before, if our field F
is extended to contain a primitive p’th root of unity then we may apply the
general branching rule of James for any F'G,,-module. Using this branching
rule we can obtain a decomposition for H,?ﬂ. into F'G,_i-modules. Taking
the dimensions of these modules, the branching rule coincides with one of

the Betti number relations found in Lemma 3.9.

5.1 Some Definitions Revisited

Before considering the homology module itself we need to look at how the
inclusion map O as defined in Chapter 2 can be represented in terms of

matrices. Consider the formal combination of matrices

where the B;’s are all ‘standard’ (k — 1) x k matrices over F. If we take

such a matrix B; and multiply on the right by the standard form matrix of
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a k-dimensional subspace z, then we see that each matrix product B; - x is
the product of a (k— 1) x k ‘standard’ matrix and a k x n ‘standard’ matrix.
In Lemma 4.8 we have proven that the product of two standard matrices is
itself a standard matrix. So B; -z is a (k — 1) X n matrix in standard form.
For a given subspace x the matrix corresponding to this subspace has rank &
and hence has some right inverse z. So we have x -z = I}, (the k x k identity
matrix) and thus if B, -« = B, - x then B, - v -z = B; - x - z giving B; = B;.
This means that the matrix products B; - x are pairwise distinct. In Lemma
4.6 we have shown that there is a bijection between the set of (k — 1) x n
matrices in standard form and the set of (k — 1)-dimensional subspaces of
an n-dimensional space. Therefore each matrix product B; - x corresponds
to a unique subspace y contained in x with dimension k£ — 1. Since there are
(kﬁ 1)q such subspaces y contained in x and exactly this number of matrices

B; then we have the following result which identifies 0, with the inclusion

map 0 we defined in Chapter 2.

Lemma 5.1. For any k-dimensional subspace x € L} we have
Op-x=0@) = Y
yCayell
The subscript k£ denotes that the operator 0, is being applied to k-
dimensional subspaces, so we have (k — 1) x k matrices in the right hand
side. Clearly the size of the matrices in the operator will depend on the size
of the subspaces they are going to be applied to. This identification of the

inclusion map 0 in terms of matrices clearly illustrates why the map is an
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FG,,-homomorphism since 0y - (z - g) = (O - ) - g by the associative law for
matrix products.

We can split the matrices in 0 into two types, those with top row
(1,0,---,0) and those with different top row. In the first case we have

matrices of shape

where the matrices #(!) are (k—2) x (k— 1) matrices also in standard form. If
we take the sum of all such matrices (") these give 0,_1, the d-map applied
to subspaces of one less dimension. In the second case the matrices have

shape
aq
e
ag—1
This time the matrices 2(?) are standard (k —1) x (k — 1) matrices. For these
matrices no leading 1 appears in the left hand column and so each of the

remaining columns contains a leading 1. Hence there is in fact only one such

matrix @ the (k — 1) x (k — 1) identity matrix. We define

10 - 0

0
6,&1) =
Ok—1
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which means that if we take an element of J,_; which is a formal combination
of (k —2) x (k — 1) matrices then each of the matrices in this combination
is made into a (k — 1) x k matrix by adding a left hand column of zeros and

then a top row (1,0,---,0). We also define

a1
9@ . 3 I
a; €F
Af—1
then we have
o = o + 0.

We now consider what happens when we apply the 0-map a given number

¢ many times. Recall that for z € L} we have

O'(x) = ()4 )y

where the sum runs over all y € Lj_, with y C . Define
ak7i = (Z')q Z Cj
J

where the C}’s are all standard (k—1) x k matrices over F. Similarly to above

we define
1 0 0
0
al(ii) =
Ok—1,i
0

to be the formal combination of (k—i—1)x (k—1) matrices in J;_1 ; extended

to a combination of (k — i) X k matrixes by adding a left hand column of
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zeros and a top row (1,0,---,0). We also define

ai

2
alg,i) = Z : Op—1,i-1

a; €F
Af—;

to be the combination of matrices obtained by taking the formal combination
of all (k —4) x (k — 1) standard form matrices, and then for each possible
a1

a2
column vector where a; € F, extending these matrices by adding

Af—;

the column vector as the first column of a (k — ) x k matrix.
Using such elements as above we are able to obtain the following useful

lemma which identifies the homomorphism &" with 9y ;.

Lemma 5.2. We have the relation

0" = O = Ol + [1017

32

Proof. By the same argument as for the 1-step map we have that each matrix
product Cj - z is a standard (k — i) X n matrix and that these matrices are
pairwise distinct. So each matrix product C; -  corresponds to a unique
subspace y C = with y € L}_,. Since there are (kli Z.)q such subspaces y we
have that if x € L}} then

Oy x=0"(z).

Again we can split the matrices in 0y ; into two types: those which have top

row (1,0,---,0) and those which do not. The first case gives matrices of
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shape

where the matrices (V) are all standard (k—4—1) x (k — 1) matrices. These
correspond to the matrices in J;_; ;. The second case gives matrices of shape
a1
22
Qf—i
where the matrices #(?) are all standard (k —4) x (k — 1) matrices and hence

correspond to the matrices in Oy_1,-1. So we have

10 --- 0
ay
0
C— (4! .
Oi = () | 2 P D DR R S
z(1) x a;€F,x(2)
Qp—;
0

where the first sum runs through all standard form matrices () of size
(k—i—1) x (k—1) and the second sum runs through all standard form

matrices 2(?) of size (k — i) x (k —1). If we recall the definition of 8,(6712.) we

have
10 0 10 0
0 0
1 .
alg,i) = = (i), Z
: ak_u B; : Bj
0 0
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where the B; run through all standard form (k —i — 1) x (k — 1) matrices.

Similarly we have

a1 a1

Af—; Af—;

where the matrices C; run through all standard form (k—i) x (k—1) matrices.

Thus we can see that we have

as required. Il

We can use this matrix form 0y ; of the homomorphism 0" to look at what
happens when the map is applied to different types of subspaces and hence to
different shapes of standard form matrices. Since we have used the notation
L} to denote the set of k-dimensional subspaces of V' = (vq, v, -, v,) we
will now use L'~ ' to denote the set of t-dimensional subspaces of (vy, - - -, v,,).
Similarly we shall use the notation L? 2 to denote the set of ¢-dimensional
subspaces of (vs, -+ ,v,). We now prove the following two results which will

be useful to us later in the chapter.
Lemma 5.3. If v = (v;) V 2 with z) € LI~} then

a].m' . (<U1> V l’(l)) . E1 = (<U1> V 8k,1,i . .%(1)) + qk*i[i]qﬁk,l,i,l . l'(l) . El.
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Note: To make sense of the right hand side of this statement in the
Lemma we must say that we may apply £ to such a k x (n — 1) matrix ()
by considering ™" to be a k x n matrix with left hand column consisting of
zeros. We can then apply the idempotent E, € FG,, by right multiplication

in the usual way.

Proof. By Lemma 5.2 we have that 0y ; = 8,(6712 + [i]qﬁl(fi). Clearly

1 0 0 10 0
0 0
o - ((or) v 2y =
ak—l,i : )
0 0
1 0 0
0
3k—1,i'$(1)
0

= (1) V Op_r - V.

Recall that we have proven in Lemma 4.11 that if we multiply matrices of

this shape on the right by E; then they are left unchanged. So we have

(<Ul> V ak,u . .T(l)> . E1 = <’U1> V ak,lyi . l'(l)
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Applying 8,222 to (v1) vV () gives

10 0
ay
@) W 0
O - ((vr) V') = Z : Op—1,i-1
a; €F x(l)
Qf—i
0
and multiplying this out we get
3]
al(:z) ’ (<v1> \ x(l)) - Z : Gk_l,i_l . 13(1)
a; €F
Ak —;

Now we apply the idempotent E;. In the proof of Lemma 4.13 we have shown

that

0 B =|. 0 |E.
ak 0
So each matrix in the above sum gives the same as (Oy_1,;_1-2) - E; (where
we consider Oy_1,_1 -2 to be a (k — 1) x n matrix with left hand column

consisting of zeros). Hence we have

0 () Va By = ¢y, - 2D - By
Adding the two parts together gives the required result. O]
Lemma 5.4. If 2! € LZ:% then

Oi - ((vo) Val) - By = ((vg) V Oy - 21) - Eb.
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Note that in the same way as we have remarked above for E;, we may
also apply Fy to elements such as (vy) V 9(27) etc. by considering these to

be k x n matrices with a left hand column of zeros.

Proof. Again we use the result of Lemma 5.2 that 0, := 8,(612 + [z’]qa,ff. We
consider what happens when we take each part and multiply on the right by

the matrix representing (vy) V zf. The first part gives

10 -~ 0 010 -~ 0
0 0 0
o) - ((v) v at) =
Ok—1,i Do al
0 0 0

and multiplying this out we have

010 0

00
0 - ((va) vat) =
8k71,z‘ .

0 0

= <’l]2> V 8k,171- . iL'T

For the second part,

010 --- 0
a1
0 0
2
81&,1') ((va) Vv zT) = Z : Ok—1.i-1 ;
a; €F . : A
Ag—;
0 0
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and hence

al(fz) ’ (<U1> \ ZET) = Z : : 8k_1,i_1 vl

a; €F
0 ag;

Since Ok_1,i—1 - 2! must have rank k — i it is clear that when we row-reduce
the matrices in 8,222 - ((v9) V 2T) they are not in the set (L?)" as described in
the previous chapter. Hence if we apply E, by right multiplication then by

Lemma 4.15 we have that

and hence

Ok - ({v2) V a:T) - By = ((vg) V Op—1 - £ET) - By

as required. O

5.2 The Decomposition of H}',

These initial results concerning how the map 0 interacts with different types
of subspaces are useful to us as we now aim to construct a decomposition for
the homology module H}!;. In the same way as we did in the previous chapter
for the permutation module M}* we must look at how H}!; decomposes when
we apply the idempotents F; and Es.

To be able to apply the branching rule of James we again have to ensure
that our field is large enough. Recall the definition of F in Definition 4.1

to be the field F' extended by adjoining a primitive p'th root of unity. We
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define f(,?’i, I r; and H 1.; to be the corresponding kernel, image and homology

module over this larger field, F. So we have
K} o= ker &' N My,
[_I?,i = aw_i<Mg+w—i)7
and
This homology module I:LZ;Z is an F'G,-module and so we can apply the

branching rule of Theorem 4.4 to give us a G;_;-decomposition

H}, = H\E\© Y HEG, .

r=2

This can be simplified since we know that ME, = 0 for r > 2 which implies
that we must also have H gy =0 for r > 2. Hence
We have similar decompositions for both K r; and I 1; as these are also FG,-
modules. So we have

Kl?,i - Kl?,iEl S KI?,Z'EQ 271
and

jl?ﬂ - jIZ’LEl @ ZTI?JEQ 271.

We consider the first part of each of these two decompositions where we apply

the idempotent element F; to the modules K r; and f,?l The following result

will be useful.
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Lemma 5.5. If f = ZmELLL-l fox where f; € F then
fEL =0 if and only iof f = 0.

Proof. We consider the matrices in the sum for f as k£ x n standard form
matrices with left hand column consisting of zeros. Then we may apply the

idempotent E; to give

fE1: ! Z fx : x Z

qnfl
$€L271 aTanfl a In_l

qnl_l Z fo Z r-a x

xELZ_l aTan—l

Since the matrix for  has rank k& then as we sum over all column vectors a
of height n — 1 over F the products z - a give all column vectors of height k

over F with multiplicity ¢"~'~*. Hence

fE B qn—l—k Z f Z
1 — q”’l T b s

werp™! bT Fk

1

bT eFk a;ELZ_l

72



As 7 is a standard form matrix it is clear that every matrix in the above sum
is already in standard form without the need to apply any row operations.
If fE; = 0 then the inner sum equals zero for any fixed column vector b. So

if we fix b = 0 we get

0
Z e T =0
' 0
and hence we have f = 0.
The other way is obvious by associativity of matrix multiplication. Il

In the previous chapter we showed how we can express M = M, k1@ M k2
where M )1 consists of F-linear combinations of subspaces containing v; and
M ko consists of linear combinations of those subspaces which do not. Thus
any element f € M} is a sum of elements from M,?’l and ]\_4,?’2. For any
element f = Y f.x € M we define the support of f to be the subspace
generated by all x for which f, # 0 and we denote this by supp(f). Hence

we can express any f € M 4/ uniquely as

f: (<U1>va)+l

so that v; does not belong to any space in supp(f,) V supp(l). We can now
use some of the results from earlier in this chapter to give a decomposition

for the module obtained by applying the idempotent F; to the kernel ng
Lemma 5.6. If0 <k <nand 0 < i< then
K}ZZEI = Klzl,i_il D [_{l?:ll,ifl
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as FG,,_1-modules.

Proof. Let f = ((v1)V f,)+1 be an element of K}';. So 9'(f) = 0. By Lemma
4.11 we know that xF; = z for all x containing v; and hence if we apply the

idempotent F; to such an element f we have
fEL = ((v1) V fu) +1E;.

If vy ¢ = the standard matrix for = has shape

a

e
ag

with a; € F and in the proof of Lemma 4.13 we have shown that for matrices

of this shape we have zE, = W E,. For | = Zvl%x fezx we define

(D=3 foa® e Ny

v1¢T
and thus we have that [E; = IV E;. Since 0°(f) = 0 we have 9'(f)E; = 0

and by associativity of matrix multiplication this gives 0°(fF;) = 0. Hence
() V fo) By 4+ 0'(IV)Ey = 0.
By Lemma 5.3
((v) vV O'(f)) + ¢" o0 (fo) Er + 0'(1") Br = 0

and hence we have
(1) VO'(fy) =0 (5.1)
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and
(" [ilg @ (o) + (1)) Ex = 0.

By the previous lemma the second of these equations implies that

¢, 07 (f) + (1Y) = 0. (5.2)
Equation 5.1 gives us

al(fz) =0

and by applying 9 to 5.2 we see that

0= ¢" (il d'(fo) + 01 (1D)

= 9+ (W),

We also have, directly from (5.2), the following:
0 (" il fo + 00M)) = 0.

Hence we have
1 ron—1
10 e Ky
and

¢"'lilefo +00Y) € KiTi .

So we are able to define a map ¢ : K, By — K[';, @ Kp~, | by

U(FE) = (D, ¢"[i] fo + 0(1D)).

This map 1) is surjective. To show this we let (hy, hs) € I_(I?Z_jl & l_(,?:iifl. If

we put
1

q*li,

(ha — 0(h1))

my =

I0)



and

m = ((v1) Vm,) +h
then ¢ (mFE,) = (h1,hs). So we need to show that mFE; is an element of
If{,?ﬂ-El. Since hy € f(,’;;&l and hy € K’,?_’ii_l we have 91 (hy) = 071 (hy) =0
and thus we also have 9°(m,) = 0. Applying Lemma 5.3 gives
J'(mEy) = 8'(m)Ey = ((v1) V 9'(my,)) + ¢"7'[i]0" " (my) Ey + 0" (M) Ex

= (¢"7"[i],0"" (my) + 0" (1)) Er.

By the definition of m, we see that 9"~1(m,) = -=—(9""1(hy) — 0'(hy)) and

7 ~"[ilq

since 0" 1(hy) = 0 this gives

So mE; is an element of I_(ﬁiEl and thus we have surjectivity.
To show that the map is also injective we take two elements f and f*
with f = ((v1)V fo)+land f* = ((v1) V f)+1* such that ¢(fE;) = Y(f*Ey).

This gives
(10, ¢, + (D)) = (D, (i) 2 + 0170,
and thus [V = *( and f, = f*. So we have
FE = () V ) + 10 E = ((0) v ) + VB = [ By

showing that the map is injective.
We are also required to show that v is an FG,,_;-homomorphism and

that it is well-defined. Every element of GG,_; commutes with E; so if we
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take any g € G, then fE;-g= f-gF,. Since

0 0 0
) : p | MO
0 0 0

we have ((v1)V f,)-g = (v1) V (f, - g) and we also have 9(I{!V) - g = 9(IV) - ¢)

by associativity of matrix multiplication. Hence

Y(fEr-g) = y(({v) V (fo - 9) + 11V - gEy)
= (1" g,¢" (il fo - g + 001 - g))
= (1" g,¢"[i]y(f, +0(I)) - )
=¢(fE1) - g
for any ¢ € G,_; and so v is an FG,,_;-homomorphism.

We can also show that the map 1 is well-defined. If we have fE; = f*F};
with f = ((v1) V f,) + L and f* = ((v1) V f¥) + 1* then ((v1) V f,) + 1B =
(1)) V f) +I*Ey and so f, = f and (V) = [*M). Thus we can see that
Y(fE)) = (f*E;) and so 1 is a well-defined F'G,,_;-isomorphism. O

Next we consider the module obtained when F; is applied to the image

Ii;- We have an analogous result to the one in the previous lemma for the

kernel.
Lemma 5.7. For 0 < k <n and 0 <1 < 7 we have
]_I?,ZEI = I_I?,i_il D —717;:11,1'71

77



as FG,,_1-modules.

Proof. We will use the same map 1 as in the previous lemma. We take
f to be an element of I}, := ™ *(M}' ;) so that f = 9™ ‘(m) for some
m € Mp,. .. Thus fE; = 0" (m)E; = 0" (mE;). We now express
f={v)V f,) +1land m = ({(v1) Vm,) + s where v; is not contained in
any space in supp(f,) V supp(l) or supp(m,)V supp(s). Using Lemma 5.3 we

have

(1) V fo) +IVE = fB = 0™ (m)E;

= ((01) VO™ (my)) + ¢* [ — 1], 07 (my) By + 07 (sM) B,
This gives us two equations

fo =0 (m,) (5.3)

[ — qk[ﬂ_ i Z-]qaw—i—1<mv) + 8W_i(8(1))- (54)

where we have used Lemma 5.5 to get the second of the two equations.
Equation 5.4 gives

1Y = o= (¢"m — i) g + d(sM))
and so IV e [T} = 01 (Mp ., ;). Using 5.3 and 5.4 we also have

A k+m—i—1

¢"lilgfo + 00 = ¢*[,0" (m) + ¢*[r — 1,07 (my) + 07 (sW)

= (il ¢ — )07 my) + 07 (),
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Recall [m], = q;n:ll. Then we see that

¢" il + dlm — ilg = ¢ ([ilg + ¢'[7 - ]q)

¢ —1+4'(q —1))

q—1

~
(=)

and since 7], =0 mod p this gives

¢"'lilg+ ¢" v —ily =0 mod p. (5.5)

S0 ¢l fy + O(11) = 97 (s() showing that
iy +000) € I

Thus if f € I, r; and we take the same map ¢ as defined in the previous
lemma we have
VLB = L @ LT
To show that this map is surjective we take h; € ],? ., and hy € ],? 111 1
So there exists m; € M7} .| and my € M}'.! , such that hy = 9™~ (my)

and hy = 0" ""(my). Now, as in the previous lemma, if we put

1
gk [i]q

then ¢¥(fE;) = (h1, he). We need to show that fFE; € f,giEl. That is, there

= (1) V o = 0(m)) ) 41

exists some m € M}, such that 0" (mE;) = fE;. If we consider

i—k

m = (<v1>\/ a

= @(m) — ) )
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then by Lemma 5.3

i—k
8“_i(m)E1 = <U1> vV 8”_i <q[2] (8(7’”2) - ml))
i~k
(= o (T @ma) = ) ) + 07 ma) ) 4
= () v 07 ) = 07 )
+ (ql[ﬂ[-l]_ i]Q(afrfi(mQ) . 8w7i71(m1)) + aﬂl(m2)> E;.
Now by (5.5) we have [i], + ¢'[m — ], =0 mod p and from this we get
M =—1 mod p.
[l
So
o= (m) By = (<v1> Ve e - a(fn))) T (—0™ ma) + i+ 07 () By
1
= <<’L)1> Vv qk_i[i]q (hg — 8(}11))) =+ h1E1

= fE.

So 1 is surjective on [_1?1 Also, in the same way as for [_(,?’i in Lemma 5.6,
the map 1 is injective, well-defined and an F'G,_;-homomorphism. Thus )

is an F'G,,_i-isomorphism. Il

We now consider the effect of applying the second idempotent element

FE5 to these modules. In Chapter 4 we defined the subset

( 3

010 ---0

0 0
(LY = cat e Lp72 8 C LY
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and the corresponding module (MP)* = F(L{)*. We showed that for any

element f =" _ L fex € M} we could uniquely define

F= Y () vaty e (upy

ze(L)t X2(211)
k

such that fE, = f*F,. We can use this new element to define an isomorphism

on the module obtained by applying Fs to f(}jl

Lemma 5.8. We have
Ky By = K2,
as FG,,_o-modules.

Proof. If f € K}, then &'(fE,) = 0'(f)E> = 0. By the above discussion we
have that there exists some unique element f* € (M)} with fE, = fE,.

Recall the map ¢z : (M) Ey — M;"? from Lemma 4.16:

O3 fo(<112> V xT)EQ — Zfza:T

We wish to show that this map restricts to K]?}iEQ.

So we have
Oo1o0 - 0
0'(fE) =0'(fNE2= Y [e | E,
IE Ln N . al(l‘T)
0 0

using the result of Lemma 5.4 that

8i(<1}2> V J}T>EQ = ((1)2> V 8Z(xT))E2
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for any z' € L}~F. This gives that 9'(f*)F, is equal to

1 0 0 --- 0
01 0 0
a 1 0 --- 0
Jz 00
Z 23 Z xa(a2) . az B3
ze(Ly) i, B EF o & («7)
In—2
0 0
Qo ﬁn
If we let o denote the column vector (as,--- ,a,)" and 8 = (B3,-++,0,)"
then multiplying out gives
a9 1 0 e 0
i 1
(B = ) fﬂﬂiqgn_g > xalaa) | , 4
ze(L)t a;,B;€EF al(:UT)a 61(33T)ﬁ 8Z(xT)

Since every matrix 9'(z') in the sum has full rank k—i—1 then summing over
all entries as,--- ,a, and B3,--- , 3, gives that the column vectors 9'(z")a
and 9°(z") run through all column vectors of height k —i — 1 over F, each
occurring with multiplicity ¢=2~*=i=1) = gn=k+i=1 We can also row reduce
the matrices in the sum ensuring that the entries in the second column below

the 1 in the top row are all zero. We arrive at

as 1 0 --- 0
it 1 Y2 0
I(fNBr=—== D xalad) Y fa ‘
q az,v;€F ze(LD)} : : E)Z(xT)
Vi—i 0

where each submatrix d'(z') is now in standard form. Since &'(f*)E; = 0

if we consider the inner sum for matrices with first column fixed to be zero
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this gives

010 0
- 0

ve(Ly)t Do O (')
0 0

Hence (vy) V 0% (¢3(f Es)) = 0 and so 0 (¢3(f*E,)) = 0. So we have
¢3 K;?,iE2 - K/?:ii-

The map ¢35 is surjective on f(};iEg for if we take any fT € K;""7, then the

corresponding element f = (vy) V fT gives ¢3(fEs) = fT and
O'(fEy) = 0'(f) By = ((v2) VO (1)) E2 = 0

so that fE, € Ki; and hence fEy = (fE»)E» € K}, E>. By Lemma 4.16 we
must have that ¢s is injective, well-defined and an F'G,,_,-homomorphism.

So ¢5 is an FG,,_s-isomorphism. O
We can apply the same map to get an isomorphism for the module f£7iE2.

Lemma 5.9. We have
jl?,iEQ = ji?:f,i
as FG,,_y-modules.

Proof. If we take any element f € I}, := 0™ *(M}, ._,) then f = & *(m) for
some m € M}, .. Applying the idempotent E, gives fE, = 9™ '(m)Ey =

O™ H(mE,y) = 0™ {(m*Es) for some m' = (vo) Vm' € (M, ._;)*. Thus by
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Lemma 5.4 we have that

fE2 = 8”_i(<v2) V mT)Eg

= ((va) VO™ (m"))Ey.

This gives us
¢3(fEa) = 0" " (m)
for mt € M,?;ﬁ_i_l and so ¢3 : f,ﬁiEQ — f,?_’ii. We see that the map is

surjective on I_}j’iEg for if we take any f € —71?:121' then there exists some

i€ M'72 . such that 0" “(u) = f and hence

0™ ((v2) V ) B = ({v2) V 0" () Ex
= ((v2) V [)Es.
So ((v2) V f)Es € I}';E; and hence ¢ is surjective on I}';E;. The map is

injective, well-defined and an F'G,,_s-homomorphism by the proof of Lemma,

4.16. [l

Recall that in Lemma 4.19 we showed that if we take a set of ¢"~*—1 right
coset representatives for H_, in G} _; then we can use these to construct
an FG,_j-isomorphism ME,G? | — MPEy(q"~! —1). It is clear that this

isomorphism restricts to elements in the kernel and image:
KZ,Z'EQG;:—I - Kl?,iEQ(qn_l —1)

and
I EyGh_y — I Ey(q" ' — 1),
Putting these results together gives
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Lemma 5.10. For 0 <k <n and 0 <1 < we have

K;:z = KI?ZH b Kl? 1i-1 D K/?:ii(qn_l -1)
L =L oL, oL - 1)

as FG,,_1-modules.

The two isomorphisms we have described for f(ﬁi and [ r; are given by
the same map. Since the homology module is defined by H};i = l_(,’jl/]_gl
then this map will also give us an isomorphism for the homology module.
Hence we have our main result for this chapter, an F'G,,_;-decomposition of
Efﬁi:

Theorem 5.11. For 0 < k <n and 0 < 1 < 7 we have
Hiy = Hyh © By © HZL(g = 1)

as FG,,_1-modules.

Remark 5.12. (1) In Section 8.3 we give an explicit example of how this
isomorphism works to give a decomposition of the homology module in

the case when n = 4.

(2) If we consider the branching rule of Theorem 5.11 then the dimensions

of these homology modules gives us

ﬁk'z 6kz+1+6k 14— 1+6k 11( _1)

which is precisely the Betti number relation of Lemma 3.9(1).
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(3) The isomorphism ¢ : H}!; — H,Zij:l @ H,?__ll’i_l ® H,?__ii(q"*l — 1) which

we have described in this chapter is different to the map
¢ M — My~ o M7 @ M (q" ' — 1)

which we discussed in Chapter 4. However, it is clear that i) can also
be extended to M;' and would map into the three components in the

same way as ¢:

v M — MpTh e M~ e Myt (" - ).
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6 Consequences of the Homology Module
Decomposition

The main result of Chapter 5 is the homology module decomposition given
in Theorem 5.11. This result is very useful for if we can decompose the F'G,,-
module ﬁ,?ﬂ- in terms of FG,_i-modules then we are able to prove some
results about these homology modules by using this decomposition and an
inductive process. This is what we do in this chapter.

We begin by looking at exactly when the homology module is non-trivial,
showing that the sequence M- ;» in Chapter 2 is almost m-exact. We go on
to give a formula for the rank of a particular type of incidence matrix and
also a formula for the Brauer character associated to the sequence M« ;«.
We then prove an important result in Section 6.4 which gives a condition
on the parameters n,k and ¢ which ensures that the homology module is
irreducible as an F'G,,-module. This is an important result as the irreducible
G ,-modules give irreducible representations of the general linear group over

a finite field in cross-characteristic.

6.1 Almost Exactness

We first use the homology module decomposition of Theorem 5.11 to give a
new proof of the result from [13] that H}; is non-trivial if and only if (k, )
is a middle term, as stated in Theorem 2.7. To be able to use the homology

module decomposition we must make the assumption that our field F is
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extended by adjoining a primitive p’th root of unity but it is clear that once
we have proven the result for F it is also true for any field F of characteristic
p. The proof given here is independent of any results other than the homology
module decomposition 5.11, whereas the proof which is given in [13] depends

on the rank formula of [18, Thm 3.1].

Theorem 6.1. We have H}j’i = 0 unless
n<2k+m—1i<n+m.
Proof. The homology module decomposition gives
Hl?,i = Hl?,i_+11 b F]l?:ll,ifl @ Hl?:lg,i(qn_l -1)

as FG,_;-modules. We prove the result by using induction on n.

If n =1 we only need to consider £ =1 as Hl?,i =0 for k=0 and k > n.
For k = lwehaveﬁl’;i =0for¢=1andifl <i<mthenl <24+7—t <147
so (1,4) is a middle term in these cases.

For n = 2 we again have that H}';, =0 when k =0 or k > 2. For k = 1 if
0<i<mthen 2 <24 7m—14<2+x Similarly for k& = 2 we have H};i:O
fori=1,2andif2<i<mthen2<4+m—1<2+m.

So we are able to assume that our result is true for n —2 and n — 1. We

now need to prove it for n. So we assume the following:
H,Z;Q:Ounlessn—2<2k‘+7r—i<n—2+7r

and

Flgi_l:()unlessn—l<2k’+7r—i<n—1—|—7r.
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We must consider two cases separately.

Case 1: Suppose 2k + 1 — i < n. Then

2k—1)+m—(i—1)=2k—2+m7—i+1
= Qk+m—i)—1

<n-—1.

So lelf_ll,ifl = 0. Also
2k+7m—(i+1)=02k+7m—i)—1<n-1

and
2k—1)4+rm—i=Q2k+m—i)—2<n-—-2

SO H,Zi_il = ﬁ,?__fz = (0. Hence by Theorem 5.11 we have that f],ﬁi =0.

Case 2: Suppose 2k + 1 — 1 > n+ m. Then
2k-1)+7—(i—-1)=2k+7m—i)—1>n—1+m,

2k+m—(i+1)=Q2k+m—i)—1>n—1+n7

and

2k-1)+7m—i=Qk+m—1)—2>n—-2+m.

So by the inductive hypothesis we have

which again, by Theorem 5.11, implies that H gi = 0.
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So we can conclude that F i = 0 unless

n<2k+mT—1<n+m.

Now consider the sequence

*

8* _ 8* _ a* —_ 8* _ a* _
Mk*,i* . O — Mk* — Mk*+i* — Mk*+7r — Mk*+'i*+7r — Mk*+2ﬂ' —— oo -

where 0* is the appropriate power of 0. Recall that in Chapter 2 we defined
any pair (k,7) which satisfies the condition of Theorem 6.1 to be a middle
term of this sequence My« ;~. We now show that any middle term is unique
and hence that this sequence given here is almost m-exact in accordance with

Definition 2.4.

Theorem 6.2. The sequence My~ ;= given above is almost w-exact, for any

-k

choice of positive integers k*, 1* satisfying k* +i* < 7.

Proof. If (k,1) is a middle term for My ;« then n < 2k +m —1i <n+x. The

preceding term in the sequence is (k — i, 7 — 7). However,
2k—i)+m—(r—i)=2k—i<n
so this term is not a middle term. Similarly the following term in the sequence
is (k4 m —i,m — i) and since
2k4+m—i)+n—(r—i)=Rk+7m—i)+T>n+T
this term again cannot be a middle term.

So if a sequence has a middle term it must be unique and hence we have

almost m-exactness. O
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The result here gives almost m-exactness of the sequence M- ;- under the
assumption that our field F' contains a primitive p’th root of unity. However,
since the alternating sum of the Betti numbers is equal to the alternating
sum of the dimensions of the permutation modules and these dimensions are
independent of F', then it is clear that this result of almost exactness restricts

to any field F.

6.2 A Rank Formula for Incidence Matrices

A further application of the branching rule for the homology module and the
subsequent proof of almost exactness of the sequence My ;« is that it can be
used to compute the rank for certain incidence matrices.

Let t < k be integers such that ¢t + k < n. This ensures that (?)q < (Z)q.
Then we define the matrix Wy’ to be the matrix whose columns are indexed
by elements of L} and whose rows are indexed by elements of L}. To compute
the (7, j)-entry of this matrix we take the element X € L} which indexes the
j" column, the element Y € L? which indexes the " row and put a 1 if
Y C X and 0 otherwise. So W"; is the incidence matrix for the ¢-dimensional
subspaces with the k-dimensional subspaces. It is clear to see that the matrix
W x is the matrix of @’ : Mj> — My, apart from a factor of (i!),. As we

have shown in the first part of this chapter, the sequence M- ;+ is almost
exact, and thus the sequence
PR AR v (PN, y (N Ay DL V

is exact for 2k — i < n. Recall the definitions I}'; = 9™ (M _,) and
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K}, = ker(9') N M}?. Thus the image of & : My — M}, is I}! and by

k—i,m—i

the exactness of this sequence we have I7*_ = K}, ._;- Now applying the

rank + nullity formula gives

= dim M} ; — dim(0™ " N M;"_)

n .
= (k B i)q —dim [} ;.

Again this sequence is exact at this next stage and so I, mi = Ki_p,; glving

n

dim I}, ; = <k B Z) —dim K.
q
We can use the rank 4 nullity formula again and exactness at the next stage

of the sequence to give

_ n n _
dim I} ;, = — dim K . ..
1 k—i, <l€ . Z) . (k . 7_‘,) . + dim k—m—i,m—1

Repeating this process for every stage in the sequence gives us a formula for
the dimension of fg_m and hence a rank formula for the incidence matrix.

This result is already known, see [18, Thm 3.1] but the proof given here is

new.

Theorem 6.3. If k and 0 < @ < 7 satisfy 2k — i < n then the p-rank of

O A R A

We can also determine the p-rank inductively using the G,,_;-module

n .
W,C_M 18

decomposition for [}, given in Lemma 5.10:
~ n-1 -1 ~2 ( n-1
Iy Z I © Ty, © L0 = 1),
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If we let wy;, denote the p-rank of the incidence matrix W' then we have
Theorem 6.4. For integers k and 0 <1 < m with 2k —i <n
-1 -1 -1 —2
Wy =Wy gy W (@ = DwpTE

We can show that these two results match. Denote the alternating sums

of g-binomial coefficients in the following manner

so that
o1 [ n—1 _(n—1 n n—1 _
Tt = \p—i—1), " \k=n), \k—m—i-1),
o1 _ (1) n—1 . n—1 B
Vet T i) T \k—1-x), T k= —i),
7"_2—< n—2 ) < n—2 ) +< n—2 )
k-1, — 1] 1 1 T
k—1—1 . k—1—m . k—1—m—1 .
In Chapter 3 we proved the relation (3.6) for g-binomial coefficients:
n n— 1) (n — 1) . n—2
= + +(" -1
(l{;)q ( k- /, k=1/, k-1/,
and thus we can see that
71?,1‘ = 71?:11,2‘71 + 71?,711 + (qn_l - 1)71?:12,1'-

So these alternating sums of g-binomial coefficients do indeed satisfy the
inductive formula of Theorem 6.3. For small values of n it is easy to check
that the numbers 7}, are the dimensions of the images I}, and so this verifies

they are indeed the same throughout.
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6.3 The Brauer Character

Another consequence of almost exactness of the sequence M- ;« is that we are
able to give an explicit formula for the Brauer character on each non-trivial
homology module derived from M- ;-. We give a brief overview here of the
general theory concerning Brauer characters and their connection to ordinary
characters before proving the Brauer character formula for our homology
modules. For a fuller treatment of this theory see the book [7] of Isaacs. The
connection between the Brauer character and the ordinary character can be
explained as follows.

In the case of the ordinary characters of representations over fields of
characteristic zero we are able to recover the eigenvalues of representations
from the character and the power maps. However if the field has prime
characteristic p then we can no longer recover the eigenvalues in this way.
The Brauer character overcomes this problem by lifting the eigenvalues to a
field of characteristic zero. We briefly describe how this lifting process works.
Let F be a field of order p' where p is prime. Choose a generator x for the

multiplicative group F* so that we can regard x as a primitive (p’ — 1) root

of unity. Let ¢ = exp (p%’i’i) so that ¢ is a primitive (p' — 1) root of unity
in C. Now we lift each element z" in GF(q)* to ¢" in Z[(]. Typically there
will be many choices we can make for x and thus many possibilities for this

lifting map. Once we have fixed a lifting we may define the Brauer character.
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Definition 6.5. Suppose we have a representation p : G — GL(m, F) of a
finite group G. Let C1,Cs,--- ,C, be the conjugacy classes of elements of G
whose order is not divisible by p and let g1, g2, - - , gs be the corresponding
representatives of these conjugacy classes. Then we can define the Brauer

character ¢ of the representation p to be the map

90:{017627"' 768}_)(C

defined by
P(C) =<,
j=1
where p(g;) has eigenvalues €, -+ , €, and €} is the lift of ;.

Tables of these Brauer characters for finite simple groups of order less
than 10° are given in the Atlas [15].

We now consider Brauer characters in the context of this thesis and give
a formula for calculating the Brauer characters on homology modules. As
we have shown in 6.1 the sequence M- ;« is almost exact and thus the Hopf
trace formula [5, Thm 22.1] can be used to determine the Brauer character
on the non-trivial homology module. The general linear group G,, acts on L}
by z — xg for x € L} and g € GG,,. This action can be extended linearly to
M}*. The action commutes with 9 and so G,, acts on the homology module
ﬁ,?’i. We denote the character of G,, on M} by x(g, M) and the character
of G, on I:[,?ﬂ. by x(g, I:I,?l) Since ¢ is co-prime to p then every element of G,,
has order co-prime to p and so the Brauer character is defined on all elements

of this group.
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Theorem 6.6. [13, Thm 4.5] On each non-trivial homology module H}!; the
Brauer character is given by

X(g7 H;cl,z) == Z fzx(g, Ml?—ﬂt) o fZiC(g, Ml?—i—wt)’

teZ

where fiz(g, M*) denotes the number of k-dimensional subspaces which are

left invariant by g € G,,. (The sign is determined by x(1, FI,?Z) >0.)
Proof. Suppose that we have the following homological sequence of modules
A:0—Ag— - —Ap 1 — A — A1 — -0

with homology modules Hj such that a group G acts on Ay and Hj with
characters x(g, Ax) and x(g, Hy) respectively.

Since the Brauer character of a quotient A/B is the Brauer character of
A minus the Brauer character of B then we have

Z(—l)kx(m Hy) = Z(—l)kx(g, Ap).

k k
If the sequence A is almost exact it has at most one non-trivial homology

module. So for this non-trivial module Hj; we have

x(g, Hy) = & Z x(9, Ar).
The =+ sign will depend on the pos1t10n of the non-trivial homology module
in the sequence. As in the statement of the theorem it is chosen to ensure
that x(1, Hg) > 0.
If we apply this theory to our sequence My~ ;+ then for the non-trivial
homology module I:I,?vi we have

X(97 HI?,@) == Z X(g7 Ml?—ﬂt) - X(g’ Mi?—i—mﬁ)

teZ
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where the + sign is chosen to ensure that x(1, f],?l) > 0.
Now let fix(g, M) denote the number of fixed points of g on the set L7

of k-dimensional subspaces. It is clear that
fia(g, M) = x(g, My).

Thus substituting this into the above expression for x(g, E};Z) gives us the

required character formula. Il

In Theorem 3.6 we used almost exactness of the sequence to prove a
formula for calculating Betti numbers. We can also use the above character

formula to give a second, independent proof of this result.

Corollary 6.7. If k and 0 < i < 7 are integers which satisfy the condition
for being a middle term then

_ n n
d. Hn p— i Jp— _— .
1m ki ﬁk,z Z <k _ ﬂ_t)q (k — = ﬂ_t)q

teZ

Proof. Theorem 6.6 gives us a character formula for the homology modules:

x(g, Hl?z) = :I:Zfix(x, My ) — fiw(a, My ).

tez
If we put z equal to the identity in this formula then (1, Hg,) = dim H,?l
Note that in the statement Theorem 6.6 we have ensured that x(1, H}jz) is
non-negative. We get
dim Hy, = dim M}, — dim M} ,__,.
tez

The dimension of the permutation module M} is given by the Gaussian

polynomial (Z)q. Hence we have the required formula. O]
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6.4 Irreducibility

The homology module decomposition also enables us to give a condition for
when the module H}'; is an irreducible F'G\,-module. We see in the following
theorem that this happens when the pair (k,7) is at the “top-end” of the
condition that n < 2k + 7 — i < n + 7 necessary for (k,7) to be the middle

term.

Theorem 6.8. If0 <k <nand0 <1i < 7w satisfyn—1 = 2k—1i then Hl?,i 18
an irreducible FG,-module. Furthermore, if (k',4') is another pair of positive

» as FG,-modules.

integers satisfying the above conditions then E[};i > I;[”,7

Proof. We prove this result by induction on n, using the decomposition

= Hih @ HYy @ ™™ = 1),

Notice that if n — 1 = 2k — ¢ holds then we also have that (n — 1) — 1 =
2k—(i+1) =2(k—1)—(i—1) and that (n—2)—1 = 2(k—1)—1. Hence we will
be assuming inductively that the modules F[,:L_’ii and ﬁgzjl are irreducible
G,,—1-modules and that ﬁ,?__fz is an irreducible G,,_s-module.

First we need to show that the result holds for small values of n. Forn =0
the condition can only be satisfied by £k = 0,72 = 1 and this gives H',?,i =0. If
we take n = 1 then we require 2k — 7 = 0, so we have to consider the case
H Io- This module is equal to M7} which is clearly irreducible. If n = 2 then
there are only two non-trivial modules which satisfy the condition. These are
Hi, and Hj,. If m > 2 then HY, = K7, = (Xverz for : 30 fo = 0). This is

an irreducible Gy-module since G5 is transitive on L?. When 7 = 2 we have
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ﬁ12,1 = K12,1/—f12,1 = <erL§ faw 30 fo = 0>/<erL§ ). Any g € Go fixes the
element ) 12 © while acting transitively on elements in the kernel K 7, and
so this module is also irreducible as a Gy-module. Finally, H3 3 = M3 which
has dimension one and must therefore be irreducible.

So we assume that the result holds for n — 1 and n — 2 and in particular

we assume that the modules ng_—l{i_l, ﬁ,’;";jl and P_[,?__i , are non-isomorphic
and irreducible over FG,_; and FG,,_, respectively.
Now suppose for a contradiction that there exists a non-trivial FG,,-

submodule U of ﬁ,?z By the branching rule of James we have
F[I::l — I__[]?,iEl EB FI]?,ZEQ ;_1.

Since U is also an F'G,,-module then we can apply the same branching rule
to give

U=UE, @ UE)G, _,
where UE; C F[,ZiEl as F'G,_i;-modules and UE, C F[,ZiEQ as FG,_o-
modules.

By Theorems 5.8 and 5.9 we have that ﬁﬁiEg = I:]l?:f,i' Also, by the
inductive hypothesis we can assume that ﬁ,’;‘__ii is an irreducible F'G,,_o-
module. So H,’;iEQ must also be irreducible as an F'G,,_s-module and so it is
clear that either UE, = ﬁﬁiEg or UE, = 0.

Now we consider UFE;. If we take v to be the isomorphism described in

Lemmas 5.6 and 5.7 then we have
o HE By — HEpL o HE
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and thus ¢(UFE;) is an F@G,,_1-submodule of H,Z;:l D Hl?—_ll,i—l'
From our assumption that the modules F[,’;Z-_jl and Hg:f,ifl are non-
isomorphic and irreducible FG,,_;-modules we must have four possibilities

for Y(UE):

0
o,
Hy

rgn—1 rgn—1
Hk,z’+1 ® Hk—l,z'—l

\

We consider in turn each of the four possibilities for (UE;) and look to

eliminate some of these cases:

o If y(UE;) = 0then UE; =0 and so U = UE, giving UE5 # 0. Lemma
4.15 states that Fy = 0 if x ¢ (L?)T and so there must exist some [u] =
u+ I, € U such that supp(u) N (LE)t # 0. Take y € supp(u) N (LT,
Lemma 4.9 showed that G, is transitive on L} and so for any z € L}
we can find some g € G, such that x = y - g. Thus we can find some
g € G, so that supp(u-g) N Ly, # 0 (Recall that L}, consists of all
subspaces © € L} such that vy, € z). If we apply F; to any space in
Ly, this space is unchanged and hence (u - g)E; # 0. Since U is a
G-module we have U - g = U for all g € GG,, and hence UF; # 0 giving
Y(UEy) # 0. A contradiction.

o IfY(UE))=H ,?:1171.71 then applying the inverse of the isomorphism

we have

VTN HT ) = ) V1B [f] € BTy, ) = UBL.



Note that since f,’;iEl C f,?,i when we apply F; to cosets in ﬁ,’jl we
have [f]E; = [fE,]. Since any subspace containing v, is fixed by Ej
we have

UE, = {[(v)) V f]: [fl € {7,y }

Hence when we express U in the form U = ((v1) V U;) @ Uz we must

have that U; = H,’g‘:ll’ifl and Us = 0 giving

U= {[{or)Vfl:[fl € B, 1}

As a result if we take any [u] € U then the coset representative u must
satisfy supp(u) C Ly ,. However we may again use the fact that G,
is transitive on L} to find g € G, such that supp(u-g) € Lj,. This

contradicts our assumption that U is a G,,-module.

IfY(UE,) = Hl::ii_il then again we can apply the inverse mapping of the
isomorphism 1) which gives wil(l:[g;il) ={[f]E\: [ € Hﬁ;&l} =UEL;.
Hence in the expression U = ((v1) V U;y) @ Uy we have U; = 0. So
for any [u] € U the coset representative u must satisfy the condition

vy ¢ supp(u). Since G, is transitive on L} there must exist some

g € G, such that v, € supp(u - g) contradicting [u] - g € U.

The only possibility which remains is that (U E;) = I:Ik’;il P H,?:ll’ifl.
Which means that UE; = H,?ZEl

Now suppose UF5 = 0. Then U = UE, and applying ¢~! gives

U= { K(m) v q[;]: (f - 0(9))) + 9] feRT g€ K?,zlll} '
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We consider what happens when we apply the idempotent E5 to such
an element of U. By Lemma 4.15 we know that any space containing v,
goes to zero when we apply F» and hence ((m) v %(f — 8(g))> Ey, =
0 for any choice of f and g. However we can find g € f(,zi_jl which has
supp(g) N (LY)T # () and hence has gFy # 0 (for example g = (vy) V h
for any h € [_(,?__121) This contradicts our assumption that ULy = 0.

So in this case we must have UFEy = H,ZiEQ and hence U = ]:I,?l

This shows that the only F'G,,-submodules of F[,gi are 0 and f[,zi itself. Thus
ﬁ,?’i is irreducible.

To show the non-isomorphic part we suppose that (k’,4') is another pair
of integers satisfying 2k’ — ' and 0 < ¢/ < w. Assume for a contradiction

that Ef,?’i = 7,:672-,. But then this gives that I:I,?,iE2 = Hj E> and hence

.+, contradicting the inductive hypothesis.
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7 Irreducible Representations of PGL(2,q)

For a field F' and group G, any F'G-module has an associated representation
of G. Thus if we consider the irreducible homology modules these lead to
irreducible representations of the general linear groups. In 7.1 we look at
some of the work which has been done on representations of linear groups
in cross-characteristic for small dimensions. Theorem 6.8 tells us that the
module Hﬁi is irreducible if the parameters satisfy the relation n—1 = 2k —i.
Thus if we consider such modules H % Which satisfy this condition then the
corresponding representations are irreducible. In the second part of this
chapter we consider the small example where n = 2 and k = ¢ = 1. In
this case we are able to explicitly construct the homology module and thus
we have a result which demonstrates an explicit form of the representation

associated to this module.

7.1 Low-dimensional Representations

We start this section by producing a short survey of some of the literature
on low-dimensional representations of linear groups in cross characteristic.
This survey is by no means complete, but just indicates some of the results
in this area in the last fifteen years or so.

Our starting point is the main result of two papers [19] and [20] which
give the Landazuri-Seitz-Zalesskii lower bounds for the projective special

linear groups in cross characteristic. Here it is shown that a lower bound for
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PSL(n,q) forn=21is

qg—1
ged(2,q — 1)

with exceptions [(PSL(2,4)) =2 and [(PSL(2,9)) = 3 and for n > 3

I(PSL(2,q)) =

[(PSL(n,q)) =
apart from some exceptional cases where we have

I(PSL(3,2)) = 2

I(PSL(3,4)) = 4

I(PSL(4,2) =7

I(PSL(4,3)) = 26.

The paper [21] of Guralnick and Tiep gives several results for PSL(n,q)

for small n. The Table 2 below [21, Table III] gives some modular characters

for such groups PSL(n,q) when n < 4. We introduce the following notation.

Given an integer m, we let my denote the t'-part of m, that is the largest

power of ¢ which divides m. Thus in the following table, r is defined to be

(-1 i2=plig—1),
L) @t if 2 =pl3(¢+1),
(¢—1)y if2#p|(g—1),
| @+ 1)y if2#pl(g+1).

Given a finite group X, the number d;,(X) denotes the j degree of non-

trivial projective irreducible modular representations of X and N, denotes

the number of (equivalence classes of) the corresponding representations.
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Group (d1,p, N1) (d2,p, N2) (d3,p, N3) Conditions
PSL(2,q) || (3(a—1),2) (g—1,5@=1) | (g+1,50=1) | 2=pl5(g—1)
21q (3(g—1),2) (¢—1,30r=1) | (¢+1,5(@—=3) | 2=pl5(g+1)
a#3,59 || (3(¢—-1),2) (3(g+1),2) (¢—1,5(a—-1) | 2#plg—1)

(3(a—1),2) (3(g+1),2) (g—1,37) 2#pl(g+1)

(3(g—1),2) (3(a+1),2) (-1, i@-1) | p=0
PSL(2,q) || (a—1,39) (1) (g+1,5(r—1) | pl(g—1)
2lg,g>8 || (a—1,5(r+1) | (¢+1,5¢-1) |- plla+1)

(¢—1,%q) (g, 1) (q+1,5(¢—-2) | p=0
PSL(2,5) || (2.2) (4,1) . p=2
PSL(2,4) || (2,2) (3,2) (4,1) p=3

(2,1) (3,1) (4,1) p=5

(2,2) (3,2) (4,2) p=0
PSL(2,9) || (3,4) (4,2) (8,2) p=2

(3,2) (4,2) (5,2) p=5

(3,4) (4,2) (5,2) p=0
PSL(3,2) || (3,2) (4,2) (6,3) p=0,3

(2,1) (3,1) (4,1) p=7
PSL(3,4) || (4,6) (6,3) (8,12) p=3

(6,2) (8,6) (10,6) p=5

(6,2) (8,12) (10,3) p=7

(6,2) (8,12) (10,6) p=0
PSL(4,2) || (7,1) (8,1) (13,1) p=3,5

(7,1) (8,1) (14,1) p=0,7

Table 2: MODULAR CHARACTERS OF THE FIRST THREE DEGREES OF

SMALL GROUPS
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Also in [21] we have the following result which gives the first three degrees

of the irreducible modular representations of GL(3, ¢) in characteristic p as

dl,p:q2+q_"'€37
dop = +q+1,

dsp = (q—1)(¢* — 1)
where the integer k,, is defined by

. n_1
. 1 if p|qu1

0 otherwise.

We can compare this result with the Betti numbers we have for H}'; when
n = 3. By Theorem 6.8 we have that H,’;i is irreducible when n — 1 = 2k — 1.
So for n = 3 the only non-trivial irreducible homology module is H. 372 (observe

that 7, = Hj, = 0). By Table 1 in Chapter 3 we have that

0 if =2

B5,=% ¢*+q—1 ifr=3

¢ +q ifr=4
In fact, using the Betti number formula 3.6 we can show that 6372 =q¢+q
for 1 > 4. The definition of k,, gives that k3 = 1 if p divides ¢> — 1 and is
zero otherwise. Thus k3 = 1 if 7 = 3 and k3 = 0 if @ > 3. We see that
the first degree dy, corresponds to the Betti number (3, and hence matches
with the degree of the irreducible representation associated to the homology

module H,.
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Following on from this, Brundan [22] gives a formula for the values of
irreducible unipotent p-modular Brauer characters of GL(n,q) at unipotent
elements, where p is a prime not dividing ¢q. This formula is given in terms of
weight multiplicities and certain generic polynomials. However, these weight
multiplicities are unknown, they are the modular Kostka numbers. This
character formula leads to a degree formula which can be used to give quite
powerful lower bounds for the degrees of the irreducible Brauer characters
by exploiting a g-analogue of the Premet-Suprunenko bound for the Kostka
numbers. The details of this are given in the paper [23] of Brundan and
Kleshchev. Here it is shown that if n > 5 and L is an irreducible FGL(n, q)-
module then

dim L < ¢*"7?

if and only if L is isomorphic to one of a certain list of modules. For each of
the modules in this list the degrees of the modules are given and hence this
paper gives a complete list of all irreducible F'GL(n,g)-modules of degree
< ¢®79. Similarly for modules not on the list we have a strong lower bound
for the degrees. The homology modules which belong to this list are only
those with n > 5 and k£ = 1,2. So for k > 3 we know that the dimension
of any irreducible homology module must be bounded below by ¢*"*~%. We

check this for the example of Hg,z when m > 5. Using the Betti number

= (), ),

formula we have
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and so we have

g @D -1) -1
(P -1)(qg-1) q-1

_q5—1 ¢ —1 .
Cg-1\g2-1

4 2
="+ +F+q+1) (qf_q)

1

=(*+ P+ g+ 1D >

This shows that the module H. 5, satisfies the lower bound condition.

7.2 The Explicit Form of the Representation

We now consider how the irreducible homology module H12,1 can give an
irreducible representation of PG L(2, q). In this section we look at the explicit
form of this representation with no reference to the homology module from
which it is obtained. We are able to prove that we have a representation of
PGL(2,q) of degree ¢ independently of any theory concerning homology.

Let g be an odd prime and let

S: s T: s Q:
11 -1 0 0 1

where « is a primitive root modulo gq. We have from [16, §7.5] a presentation

for the projective general linear group when n = 2 given by
PGL(2,q) = (S, T,Q:S"=Q" ' =T%=(ST)* = 1,Q"'SQ = S°).

We define the following permutation matrices:
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e P, is the square permutation matrix of size ¢ — 1 which maps the i

row to the —% mod ¢ row.

e P, is the square permutation matrix of size ¢ — 1 which maps the 7

h

row to the (i)™ row modulo g.

Theorem 7.1. Let p : PGL(2,q) — GL(q,p) be the map defined on the

generators S, T and Q) by

0 ~1 0 0
I, —1
p(S) = ! . p(T) = :
0 P,
10 0 —1
10 0
0
p(Q) =
P,
0

Then we have
(1) For any choice of p and q the map p is a representation of PGL(2,q),
(2) p is an irreducible representation if and only if p does not divide g+ 1.

Proof. (1) We must show that the five relations on the generators S, 7" and

@ in the presentation for PGL(2, q) hold for p(S), p(T') and p(Q):

e First observe that p(S) just corresponds to the g-cycle and so we clearly

have that p(S) has order g.
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e Since P, is a permutation matrix which sends ¢ to —i~! then this has

order 2. Let z denote the column vector (—1,—1,---,—1)T of height
q — 1. Then
) -1 0 -1 0 1 0
(p(T))" = =
z P, z P, —z+ P,z Pf

If we take the matrix product of the ¢ — 1 square matrix P, with the
column vector z then as P, is a permutation matrix it just permutes

the entries of z which are all the same and hence P,z = z. Also P? is

*

the identity and hence p(T)? = 1.

e Since « is a primitive root modulo ¢ then « has order ¢ —1. The matrix

P, takes i to ai so this matrix, and hence also p(Q), has order ¢ — 1.

e To show the relation p(Q)~'p(S)p(Q) = p(S)* we just think of p(Q)
and p(S) as permutations. We see that p(S)(i) =i+ 1 and p(Q)(:) =

at. So if we consider the left hand side:

thus

which leads us to

p(Q)p(S)p(Q)(i) = ala™li+ 1) =i+a.

We also see that each time we apply p(S) it increases the value of i by

one and so
p(S)*(@) =i+ a.
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Thus p(Q)~'p(S)p(Q) = p(S)*.

e Finally we must show that p(S)p(T) has order three. We see that

We know that P, is the permutation matrix which sends the i*" row
to the (—%)th row (modulo ¢). Now when i = 1 this gets sent to the

(g — 1)™" row and vice versa. So the matrix has shape

~10 - 01

~1 0
p(S)p(T) = P

~1 0

-1 0 00

where P is the remaining part of the matrix P,. Now if we let z this

time be the column vector of —1’s of height ¢ — 2 then we get

—1 0 1 -1 0 1 ~1 0 1
(p(S)p(M)’=| = P o : PO : PO
~1.0 0 ~1.0 0 ~1.0 0

0 0 -1 1 0 1

= —z+4+ Pz P?2 2 z PO

1 0 -1 ~1.0 0
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Since P is a permutation matrix then as stated earlier, Pz = z. Thus

0 0 -1 -1 0 1
(p(S)p(T))=| 0 P> = z PO
1 0 -1 -1 0 0

1 0 0

=| P’2—2z P? 0

0 0 1

Since P? is also a permutation matrix then P?z = z and hence

1 0 0
(p(S)p(T)* =1 0 P3 0
0 0 1

So p(S)p(T) has order three if and only if the submatrix P does.

Now this submatrix P is the permutation matrix P, with the top row
and last column removed. We observe that P is the permutation matrix

which sends 7 to —HLI. We show that this permutation has order 3:

-1
P(i) =
(7) P41
1 1 4+ 1
PQ(Z):_ — — T :—Z—i._ ,
Fitl oml :
1 1 1
P3(i) = — = =

S S it1—i
= +1 : 1

So P has order 3 and hence so does p(S)p(T).
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Hence we have indeed shown that the map p we defined is a representation
of PGL(2,q) of degree q over a field of characteristic p. Note that we have
made no assumptions on ¢ and p.

(2) Now suppose that p does not divide g+1. We show that in this case the
representation p is irreducible. Let M be the FGL(q, p)-module associated
to the representation p and suppose that U is an FGL(q,p)-submodule of
M. Let w = (ug,ug, -+ ,u,) € U with u # 0. Then

u-(p(S)+p(S)2+-~-+p(S)q):(u1+u2+--~+uq)-(1,1,--- 1)

If uy + ug + - - - + u, # 0 then the row vector j = (1,1,---,1) is in U. Thus
we have j - p(T) = (=1,0,---,0) € U giving U - FGL(q,p) = M and thus
U = M. So we are done unless uy + ug + --- + u, = 0. If this is the case

multiply the row vector u by p(T'). We get
u-p(T) = (—ur, —uy + Un(2), —Us + Un(z), " 5 —UL + Un(q))

where 7 is the permutation corresponding to the matrix P,. If we sum the

entries in the row vector u - p(T) then we have
—q UL F Ug2) F Un(z) T F Un() = —q - U F (Ug +uz 4 HUug)

since 7 just permutes the numbers 2,3,--- ,¢q. We have assumed that u; +
Uy + -+ +ug =050 ug + - - - +u, = —u; and hence the sum of the entries is
—(q + 1)u;. Without loss of generality we can assume that u; # 0 (if uy =0
use p(S) to permute entries to make it non-zero). Thus if p does not divide

q + 1 then we have a row vector in U whose entries do not sum to zero and
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we can use the above argument to show that U = M. So we have shown
that M is an irreducible F'GL(p, ¢)-module and consequently the associated
representation p is also irreducible.

Conversely, if ¢ = —1 mod p then it is clear that U = ((1,1,---,1)) is
invariant under p(S), p(T') and p(Q) and thus we have a proper non-trivial

submodule U of M. So p is reducible in this case. m

7.3 Construction from the Homology Module

We now show that the explicit representation PGL(2,q) — GL(q,p) given
in Theorem 7.1 corresponds to the irreducible module H 1271 when p does not
divide gq.

The homology module H ri 1s irreducible it n — 1 =2k — 4. We let n =2
and take k =17 = 1. We let ¢ be any prime power and take p to be a prime
not dividing ¢ such that 7(p,q) > 2. We label the ¢ + 1 subspaces of L? in

the following manner:
y=(10),z0=(01),29 =(11), - 2, =(i1), -+ ,2g-1 = (¢ —11).

Since 7 > 2 the image I3, = 9™ '(M2) = 0 and hence the homology module
is equal to the kernel [_(1271. This kernel consists of elements of the form

> _serz Jaw such that 3 f, = 0 and hence has a basis
y—zo,y— 1,y — 241}
Label these ¢ basis elements for H. 12’1 in the following way:

Wy =Y —To, W1 =Y — L1, *+°, Wg—1 =Y — Tg-1-
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We now take these basis elements and multiply on the right by the three

generating elements for PGL(2, q).

0
e For § = we have that S fixes y and sends z; to z; where

11
Jj =1t+1 mod ¢q. Thusw;-S = wjy1fori =0,---,¢g—2and w,_1-S = wy.

Hence the representation of the generator S is indeed the ¢-cycle defined

by p(S) in Theorem 7.1.

1
e Next we consider the second generator T = . If we multiply
-1 0
the subspaces in L? by this element we find that T swaps y and z while
fori=1,---,¢—1 we have that z; is sent to z; where j = —% mod gq.
Hence wy-T' = —wp and fori =1, --- ,g—1 we have w;-T" = wj—wy where
] = —% mod ¢. This shows that the representation for T' corresponds
with p(T).
. . . a 0
e Finally we have the third generating element ) = where
0 1

« is a primitive root mod g. We observe that right multiplication by
Q fixes y and xy while for ¢ = 1,--- ,q¢ — 1 we have that z; is sent
to x; with j =i -a mod g. When we consider the basis elements we
have that wy is fixed by right multiplication by ¢ while w; is sent to w;
where again j =i-«a mod ¢q for i =1,--- ,q¢ — 1. It is clear that the

representation of () matches the description for p(Q) in 7.1.

Hence the representation associated to the homology module FIil is indeed

the map p we have described in Theorem 7.1.
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Remark 7.2. (1) For this representation of the homology module we have
assumed that 7(p,q) > 2. If 7(p,q) = 2 then ¢ = —1 mod p and in
Theorem 7.1 we have shown that p is not irreducible in this case. When
7 = 2 the irreducible homology module H 1271 has dimension ¢ — 1 rather

than ¢ (because the dimension of I 7, is one instead of zero).

(2) Theorem 7.1 does not require the condition that p does not divide ¢
and so the choice of p and ¢ is arbitrary. Thus we have an irreducible
representation p : PGL(2,p) — GL(p,F,). This may suggest that this
representation corresponds to some irreducible homology module for

n = 2 in the case where [F and F' have the same characteristic p.

Example: If we take ¢ = 3 then the group PGL(2,3) is generated by

11 -1 0 01

while the homology module H 12’1 is generated by
a=(10)—(01), b=(10)—(11), c=(10)—(21).

We now consider how each of the generating matrices for PGL(2,3) act on

the generators of H7 ;:

aS=(10)—(11)=b, bS=(10)—(21)=c, cS=(10)-(01)=a
al'=(01)—(10)=—-a, VT=(01)-(21)=c—a, cI'=(01)—(11)=b—a

aQ=(10)—(01)=a, bQ=(10)—(21)=c, cQ=(10)—(11)=0b.
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So we get the representation

010 100 100
pS)={ oo 1|, pM= =1 01|, p@=]001
100 110 010

which matches the description for the representation given in Theorem 7.1

when ¢ = 3.
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8 Examples

We conclude by giving some examples which demonstrate the theory of the
earlier chapters. These examples illustrate how the isomorphisms described
in Chapters 4 and 5 work to give decompositions of the permutation module

M} and the homology module P_[,Zi in certain low-dimensional cases.

8.1 An Example of How M Decomposes

We take F = GF(3) and let F be a field of characteristic 2. In this case it is
clear why we have to extend our field F' since we do not have enough linear
F-characters of (IF,+) to define the idempotent elements F; and E, as in
Chapter 4. So we take F' = GF(4) to be the extension field of F' where F
consists of elements a + ¢b with a € {0,1} and > + i+ 1 = 0. Now we can

define x; to be the trivial character
x1(0) = x1(1) = x1(2) = 1
and we take y, to be the character
x20) =1, x2o(1) =4, x2(2)=1+1

We take V' to be an n-dimensional vector space over ' and denote by L} the
set of k-dimensional subspaces of V. Thus if we take n = 2 and £ = 1 we

have

Li={z,=(10), 2,=(01), w3=(11), x4=(21)}.
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In this example the two idempotent elements are

5 1 1 0 1 0 1 0
1= 35 + + P
3 0 1 11 2 1
1 10 10 10
By == i +(149)
0 1 11 2 1

The module M? is the vector space over F with L? as its basis:

Mf: {ifzxz i€ F a; € L%}
i=1
The branching rule of Theorem 4.10 gives us
M} = MPE, @ MExG;
where

1 0
Gl = ra€40,1,2},9 € {1,2}

a g

If we apply our idempotents to elements in L? we see the following

1By = x4

and
2By =0
2By — % ((01) +i(11) + (1 +4)(21))
3Ey — % (11) +i(21) + (1 +4)(01))
2By — % ((21) +i(01) + (1 +3)(11)) .
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We now note that

(141) 29Ey = %((1 +4)(01) 4 (11) +i(21)) = 23 Es,

i 29y = %(1(01) +(1449)(11) + (21)) = 24 B,

Thus we have

M12E2 = <I’2E2>Fv

Then
M? = M?E, © M?E,G;
= (x1,22F1) 5 @ (x2Ey, x3Fs - 9)
where
10
g =
0 2

So we have a new basis for the module M?:

Xl = T,
1
XQ = 3}’2E1 = 5(1'2 -+ I3 + x4),
1
X3 = SCQEQ = g(xQ + il’g + (1 + 7;)513'4),

1
X4 = IgEgg = 5(1’2 + i.l‘4 + (1 + Z)Ig)

If we let ¢ denote the isomorphism on M?ZE; which is described in Chapter

4 then ¢ has the following effect on these new basis elements:

p:X1—0, Xo— (1), Xz—0, X4—0.
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Now we see that we can express the old basis in terms of the new one in the

following way

1 :X17
r9 = Xo + X3 + Xy,
T3 = X2 + (1 + Z)X3 + iX4,

xy=Xo+1 X3+ (1+1)Xy.
So if we take any element f € M? then we have

[ =fiz1 + foxo + fsxs + fazy
=fX1+ fo(Xo + X3+ Xy) + f3(Xo + (1 +49) X5 +iXy)
+ fa( X + i X3+ (1414)Xy)
=hXi+ (ot fs+ f)Xo+ (ot (L+0) fs +ifa) X3

+ (fo+ifs + (14 1) f1) Xy

Thus when we apply our isomorphism ¢ to such an element we have

o(f) =(f10, (f2 + f3 + fa)(1),

(ot L4+ fs+if)0, (fo+ifs + (1+10)f1)0) € My & M; @ M - 2.
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8.2 A Larger Example

To see what is happening more clearly we now move to a slightly larger
example with n = 3 and k = 2 over the same fields as before. So we consider

the set L3 which contains the following (2)3 = 13 spaces:

1 00 1 00 1 00
X1 = ) Lo = ) xr3 = )
010 0 01 011
1 00 010 1 10
Ty = ) s = ) Te = )
0 2 1 0 0 1 0 01
210 010 010
T7 = , Ty = y L9 = )
0 0 1 1 01 2 01
1 10 1 10
T10 = y L1l = )
1 01 2 01
210 210
Lo = ,  TL13 =
1 01 2 01

The idempotent elements are

1 00
1
E1:§ Z a 1l 0 |,
a,be{0,1,2}

01

1 00 1 00 1 00
1 i .
Ex=o > 010 |+il 110 |+0+)]| 210
b,ce{0,1,2}

c 1 b ¢ 1 b ¢ 1
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Applying these idempotents we see:

;B =x; fort=1,2,3,4
1 a 1 0
$5E1:—

abefo2y \ b 0 1

and so M3 E), = (x1, 79, 23,74, v5E1) p. Also

I’iEQ =0 fori= 1,2,3,4

1 010 110
135E2:§Z +1 + (1 +14)

b c 1 b c 1

1 110 2 1 0
xGEgzﬁz +i + (1+4)

b c 1 b c 1

1 210 010
x7E2:2—72 +i +(1414)

b c 1 b ¢ 1

Now if we take xg and apply Fy we get

1 0 10 1 10
x8E2:2_72 +1
b+1 ¢ 1 b+1 ¢ 1
. 2 10
+ (1+14)
b+1 ¢ 1
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Since we are summing over all b € GF(3) then the +1 in the bottom left

entry makes no difference and so we have xgFs = x5F5. In a similar fashion

T9Ey = x5E,
TioEy = 111y = w6 Es

T1oly = w13y = w7 Es.

We also note that since z¢Fy = (1 4 i) - z5F2 and x7Fy = i - x5F, then we

have
M3 Ey = (v5E) p
and hence
M3 = M3E, © M3 E,G;
has basis

{@1, 29, 23, x4, 05 B, x5 Eag1, x5 Eag, - - -, 5 F29s}

where the g; are right coset representatives for G5 in H;. We take these coset

representatives to be the following elements:

100 100 1 00
an=10101], 9=1020], =011 /],

0 01 0 01 0 01

1 00 100 1 00
go=102 11, =1 0121, g6=10 2 2|,

0 01 0 01 0 01
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100 1 00

g=10011, 9s 0 0 2

011 011

Thus we may relabel this new basis for M3

X1=z1, Xo=1x2, Xsz=ux3, X4=u4,
1
X5:$5E1:§(.’L‘5+$6+x7+x8+$9+$10+$11+1’12+.’L‘13),

1 . .
X¢ = x5F0g91 = 7((1'5 + xsg + xg) + Z(xﬁ + 210 + (L‘H) + (1 + Z)(QU7 + 219 + xlg)),

9

X7 =a5FE590 = %((375 + xg + x9) +i(x7 + z12 + x13) + (1 +9) (26 + 210 + 211)),

Xg = x5F2g3 = %((5175 + @12 + w11) +i(w6 + 28 + 213) + (1 +9) (27 + 210 + 79)),

X9 = a5F594 = %((m + z10 + x13) +i(x7 + 25 + x11) + (1 +4) (26 + 212 + 29)),
X10 = 25295 = %(1’5 + x10 + 213) + i(x6 + 212 + 29) + (1 4+ 0)(z7 + 28 + 211),
X11 = 25296 = %(% +m12 + @11) +i(27 + 210 + TY9) + (1 +0) (26 + T8 + T13),
X12 = w5E097 = %(1135 + w6 + 7) +i(x12 + 28 + 210) + (1 +9) (211 + 213 + 29),
X13 = w5F598 = %(az5 + a6+ x7) +i(z11 + 213 + x9) + (1 + ) (212 + T8 + Z10)-

Applying the isomorphism ¢ to these basis elements gives

¢(X1) = (10), o(X2) =(01), o(X3)=(11), o(X4)=(21),

$(X5) = o 0(Xg) = ¢(X7) = = 9(Xa3) = (1)
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We can express the new basis in terms of the old one in the following way:

T = X,
x2 = Xo,
xr3 = X3,
T4 = Xy,

x5 = X5 + Xg + X7 + Xg + X9 + X109 + X11 + X120 + X3,

g = X5+ X2 + X3 + (1 + Z)(XG + Xg + Xlo) + i(X7 + Xg + X11)7
r7 = X5+ X12 + X3 + (1 +0)(X7 + Xo + X11) + i(X6 + X + X10),
w3 = X5+ Xo + X7 + (1 +0)(Xg + Xo + Xi2) +i(X10 + X11 + X13),
g = X5+ Xo + X7 + (1 4+ 14)(X10 + X11 + X13) +i(Xs + Xg + X12),
x10 = X5+ Xo + X10+ (1 4+ 9)(Xe + X11 + X12) + (X7 + Xs + X13),
w11 = X5+ Xg+ X11 + (1 +4)(Xe + Xo + Xi13) + (X7 + X10 + X12),
w12 = X5+ Xg + X11 + (1 +4)(X7 + X10 + X12) + (X6 + Xo + X13),

x13 = X5+ Xg + X1 + (1 +9) (X7 + Xg + Xu3) + (X6 + X11 + Xi2).
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Thus if we take any element f = 321% fiz; € M3 then

I =hHXi+ foXo+ [3X5 + fuX4
+ (st fot+ frt fs+ fot fot fir + fio + f13) X5
+ (st fs+ fot (L4+0)(fo + fro+ fur) +i(f7 + fi2 + f13)) Xe
+ (fs+ fs+ fot (L+0)(fr + fiz + fis) +i(fo + fro + f11)) X7
+(fs+fut fut A+ (fo+ fs + fis) +i(fr + fo + f10)) Xs
+(fs+ fiot fis+ (L+0)(fr+ fs + fu) +ifo + fo + fi2)) X
+ (s + fiot fis+ L+ (fe + fo + fr2) +i(fr + fs + f11)) Xao
+ (fs + fu+ fio+ (L+0)(fr + fo + fro) +i(fo + fs + f13)) Xu
+(fs+fo+ fr+ L+ 0)(fs + fio+ fiz) +i(fo + fir + fi3)) Xa2

+ (fo+ fo+ fr+ A +9)(fo+ fir + fis) +i(fs + fro + fi2)) Xis.

Applying the isomorphism ¢ we get

o(f) = (f1(10) + f2(0 1) + f3(1 1) + fa(2 1),

10
€ (MfaMZQaMll 8)

where f! is the coefficient for X, in the above expression f = 21121 f1X;.
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8.3 An Example of How the Homology Module

Decomposes

We now look at a different example which will enable us to see how the
isomorphism described in Chapter 5 decomposes the homology module H i
into G,,_1-modules. We consider the specific example where n = 4, k£ = 2
and ¢ = 1, taking our fields to be F = GF(2) and F' with characteristic p = 5.

So we take the module M over F which has a basis consisting of the 2-

dimensional subspaces of a 4-dimensional vector space V' over GF'(2). There

4

are (2

)2 = 35 such subspaces, represented by the following 2 x 4 matrices:

1 0 0 O 1 0 0 O 1 0 0 O
Tr1 = T = T3 —
01 0 0 0 0 1 0 0 1 1 0
1 0 0 O 1 0 0 O 1 0 0 O
Ty = Iy = Tg =
0 0 0 1 0 0 1 1 01 0 1
1 0 0 0 01 0 0 01 00
Tr = Trg = Tg =
01 1 1 001 0 1 01 0
1 1 0 0 1 1 0 0 01 00
10 = T11 = T12 =
0 0 1 0 1 01 0 0 0 0 1
01 0 0 1 1 0 0 1 1 0 0
€13 = T14 = 15 =
1 0 0 1 0 0 0 1 1 0 0 1
01 0 0 01 0 O 1 1 0 O
T16 = Ti7 = T8 =
0 0 1 1 1 0 1 1 0 01 1
1 1 0 0 0 0 1 0 0 01 0
T19 = T20 = T21 =
1 0 1 1 0 0 0 1 1 0 0 1




1 0 1 0 1 01 0 0 01 0
T2 = T23 = L24 =
0 0 0 1 1 0 0 1 0 1 0 1
0 0 1 0 1 01 0 1 01 0
To5 = To6 = To7 =
1 1 0 1 01 0 1 1 1 0 1
01 1 0 01 1 0 1 1 1 0
T8 = T29 = T30 =
0 0 0 1 1 0 0 1 0 0 0 1
1 1 1 0 0 1 1 0 0 1 1 0
T31 = I3z = I3z =
1 0 0 1 01 0 1 1 1 0 1
1 1 10 1 110
T34 = T35 = .
01 0 1 1 1 0 1

Thus for any f € M; we have

where f; € F5. As discussed at the beginning of Section 5 we can consider

the inclusion map 0 in terms of matrices and thus in this case we have

0:=(10)+(01)+(11).

Labelling the subspaces of L} in the following way

y1=(1000)
ys=(1100)
yr=(1110)
y10=(0010)
yi3=(0101)

y2=(1001) y3=(1010)
ys=(1011) ys=(1101)
ys=(1111) y9=(0001)
y11=(0100) y2=(0011)
yu=(0110) y;5=(0111)
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we see that

Or1) =vy1 +ys +yn
Azs) = Y1+ Y2 + Yo
INxr) =y1 +ys + Y15
I(x10) = Ya + Y7 + Y10
A(713) = Y2 + Y6 + Y11
I(z16) = Y11 + Y12 + Y15
O(w19) = ya + Y5 + Y15
(22) = Y3 + Ys + Yo
A(x25) = Yo + Ys + Yo
O(w28) = Yo + Y14 + Y15
O(w31) = Y2 + Y7 + Y15

0(x34) = Y5 + Y7 + Y13

O(x2) = y1 + Y3 + Y10

S0

S5

0

o(
o(

o(
(
(
o(

o(
(
(

O(w5
(s
T1
T14
Ti7
T20
T23
T26
T29
T32

T35

) =
)
)
)
)
)
)
)
)
)
) =

Y1 +¥Ys + Y12
Y10 + Y11 + Y14
Y3+ Yat Yua
Ya + Yo + Yo
Ys +Ys + Y1
Ya T+ Y8 + Y12
Y2 + Y3 + Y12
Y3+ Ys + Vi3
Y2 + Ys + Y14
Yi2 + Y13 + Yua

Yo + Y7 + Y12-

(z3) = y1 +yr + Y1
(z6) = Y1 + Yo + Y13
O(zg) = ys +yr + yn
O(r12) = Yo + Y11 + Y13

O(z15) = Y2 + Ya + V13

U

218) = Y4 + Ys + Y12

>

Ta4) = Y10 + Y13 + Y15

S

To7) = Y3 + Yo + Y15

U

(

(

(

(21) = Y2 + Y5 + Yo
(

(

(30) = y7 + Ys + Yo
(

O(x33) = Y5 + Y6 + Y14

This gives that f € K’;{l if and only if the coefficients f; satisfy the following

system of 15 equations:

htlhetfstfutfs+fotfr
Jot fis+ fis + for £ fas + foo + [
fatfot fut for+ fos+ fos + for
Jrt fiot fu+ fu+ fis + fis + fio
fs + fir + fro + for + fao + fas + fa

Jo + f13+ fia + fos + for + faz + f3s
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fs+ fo+ fro+ foo + far + faa + fas
Jo+ fir+ fis+ fas + fas + fao + fa0
Jat Fiz 4 fra+ fao + fa2 + fos + fao
ot fs+ fiot+ foo+ for + fou + fos

fit fs+ fot fra+ fis+ fre + fir
Js + fris + fis + fao + fa3 + fa2 + fas
Jo + Jiz 4 fis + foa + fas + for + fa
fs+ fs+ fur + fos + fao + foo + fs

Jr+ fie + fio + foa + for + fos + [

In this example the idempotent elements are

Oéglo

o o O

El:éz

a; €F 043 O 1

04400].

and
1 0 0

1 (0%) 1 0

—_

a;,B;€F as B

ay B4 0

If we apply F; to the elements in Lj we have

By =x;fori=1,--- 7.
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For x € {xg, x9, X109, x11} We get

JlEl =

A

a,B€F

For x € {x19, 213, x14, 215} We get

1
.Z'El = Z
a,B€F
For x € {x1¢, 217, Z18, T19} We get
1
vhy =7 >
a,B€F
FOI' xr € {Q320,1321,l’22, 1’23} we get
1
1By =2 )
a,B€F
For x € {xo4, Ta5, o6, To7} We get
1
IL‘El = Z Z
a,BEF
FOI' T € {.T28,$29,l’30, 1’31} we get
1
$E1 = Z Z
a,B€EF
For x € {x39, x33, T34, T35} We get

xEl:iZ

a,B€EF

/ ~ / ~ ~ ~ ~
= B
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Thus if we take f = 322 fiz; € My then

fEL =(HX1 4+ foXo+ f3 X3+ fuXy + [ X5 + f6 X6+ fr X7
+ (fs+ fo+ fro+ f1) Xs + (fi2 + fi3 + fia + f15) Xo
+ (f16 + fir + f1s + f19) X10 + (foo + for + foo + f23) X1
+ (far + fos + fos + for) Xia + (fas + fao + f30 + f31) Xi3

+ (fa2 + fas + fsa + f35)X1a
where

X;=x;fori=1,---,7,

1
Xg=xgly = Z(Is + xg + x10 + T11),

1

Xg = x12E = 1(3712 + 13 + T14 + T15),
1

Xio=x16E0 = Z_l(xm + 217 + 18 + T19),

1
X = JIQOEl = —<.§U20 + Xo1 + X292 + x23>7

4
1
Xig = 2ol = Z(I24 + To5 + Tog + Ta7),
Xig = 2ol = 1(9028 + o9 + X30 + T31),
1
Xy = x30F, = 1(1'32 + 233 + T34 + T35).

Thus we can write fE, = ((v1) V f,) + [V E; where

Jo=F1(100)+/2(0 1 0)+f3(1 L 0)+f4(0 0 1)+ f5(0 1 1)+f6(1 0 1)+ f7(1 1 1)
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and

() 1 00 1 00 1 00 010
N =g + g2 + 93 + g4
01 0 0 0 1 0 1 1 0 0 1
01 0 1 1 0 1 1 0
+ g5 + g6 + g7 .
1 0 1 0 0 1 1 0 1

where
g1 = fs + fo+ fio+ fi1, 92 = fi2 + fis + fia + fis,
93 = fi6 + fir + fis + fio, gs = fao + for + foa + fos,
95 = foa + fos + fos + for, 96 = fas + fao + fao + fa1,

g7 = fa2 + faz + faa + [3s.
The isomorphism 1) on K;ZL,,-El given in Chapter 5 is determined by
i fE = (M) [d" [iefo + 0UM))).
If we consider the second part then we have

¢ ilgfo +01M) =2f, + 0(1)
=(2f1+9g1+92+93)(100) + (2f2 + g1 + 94 + g5)(0 1 0)
+(2f3+91+96 +97)(110) + (2fs+ g2+ 94+ g6)(00 1)

+(2fs +93+94+97)(01 1)+ (2f6 + 92+ 95 + g7)(1 0 1)

+(2fr+93+95+96)(111).
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Adding equation (8.4) to (8.11) we get

0=(f1+ fio+ fu+ fiu+ fis + fis + f10)
+ (it fs+ fot fot fis+ fre + fi7)
=2f1+ (fs + fo+ fro + fu1) + (fiz + fis + fra + f15)
+ (fi6 + fir + fis + fio)

=2fi+ g1+ g2 + gs.
and similarly we can show

2fo+ 91+ g1+ g5 =0 from (8.3) 4 (8.10)
2fs+ 91+ 96+ g7 =0 from (8.7) 4 (8.14)
2fi+ g2+ gs+9s =0 from (8.2) + (8.9)

2fs+ 93+ g1+97 =0 from (8.5) + (8.12)
2f6 + 92+ 95+ g =0 from (8.6) + (8.13)

2f7+93+95+9s =0 from (8.8) + (8.15).

Hence

2f, +0(1W) =0
and so in our example we have that
w(fE) = (], [0]).

Notice that 9?(I") = 0 since g1 + ga + g3 + g4 + g5 + g6 + g7 = 0 and so [V

is indeed an element of K7 ,.
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When we apply the second idempotent E5 the only subspaces for which

x;Fy does not equal zero are xg, -+ ,x19. We have
1 a 1 00
w5y = woFy = 3 Z xz(a)
a,By€ER g v 10
1 a 1 00
Ti0by = 211 By = —g Z X2(04)
a,B,7€F g v 10
1 a1l 00
T2l = x13E5 = 3 Z xz(a)
a,B,7€F B v 01
1 a1 00
Tialy = x15E = ~3 Z Xa2(a)
a,B,y€F B v 01
1 a 1 00
Tiely = x17 By = 3 Z Xz (o
a,B,v€F B v 11
1 a 1 00
Ti1gly = X9l = —= X2\«
a,B,y€EF gy 11
Now
fiEz =(fs + fo — fio — fir)xsEs + (fiz + fiz — fia — fi5)z12E>
+ (fi6 + fir — fis — fi9)T16E2
and thus

f1="hi(10)+ ha(0 1) + hy(1 1)

where hy = fs+ fo — fio — fi1, he = fia+ fiz — fia — fis and hs = fis + fir —
f18 - flg. So 1/) . fE2 — f]L By (811) - (84) we have hl + hg + hg =0 and
so O(f1) = 0 and hence f1 € K7 .
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Remark 8.1. The fact that we get zero in the second component when looking

at ¢(fF4) fits in with the Betti numbers for this example:
53,1 = 20, 550’,2 =0, ﬁio =0, 5%,1 =2.
Note also that

Byo+Blo+ (¢ =1, =6+0+7-2

verifying that this example satisfies the relation proved in Section 2.
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